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Abstract: A new Multi-Input Multi-Output Hybrid Intelligent (MIMO-HI) system is designed for 
Primary Pressure Control System (PPCS) of a highly non-linear Pressurized Heavy Water Reactor 
(PHWR)-type Nuclear Power Plant (NPP). The MIMO hybrid intelligent system is a nonlinear control 
system which is synthesized using Adaptive Feedforward Neural Network (AFNN) and Mamdani-type 
Fuzzy Inference System (MFIS). In the proposed Mamdani Adaptive Neuro-Fuzzy System (MANFS), 
a supervised learning technique has been adopted using AFNN for learning the design parameters of 
membership functions. A Clustering Algorithm (CA) is used to select the initial number and type of 
membership functions with each variable. A reduced order nonlinear primary pressure control system is 
developed based on neural optimization for rule reduction. The MIMO- HI system is designed based on 
five Multi-Input Single-Output (MISO) adaptive neuro-fuzzy systems in the framework of parallel 
learning and parallel data processing. These five MISO adaptive neuro-fuzzy systems are designed for 
intelligent predictions of two feed valves, two bleed valves and one spray valve positions of a PPCS of 
an operating PHWR-type NPP in Pakistan. A severe transient has been imposed in training, validation 
and testing phases with proposed MIMO-HI system. The proposed MIMO-HI system is designed in 
MATLAB and a Graphical User Interface (GUI) is developed for variables transfer and simulations in 
Visual Basic. The designed MIMO-HI system is observed to be extremely efficient, robust, with 
reduced oscillations and better transient and steady state characteristics. The performance of the 
designed MIMO-HI system is tested and the estimated results are in agreement with conventional PID-
type PPCS of PHWR.  
 

Keywords:   Adaptive neural network, Mamdani fuzzy system, multivariable system, soft computing, 
nonlinear control, feed-bleed system, nuclear power plant  

 
INTRODUCTION 
 
Artificial neural networks and fuzzy logic 
systems are capable of solving highly nonlinear 
and time varying real word problems. Due to 
their strong learning capabilities, these 
techniques do not need a mathematical model of 
system which may be difficult to obtain for 
complex systems [1].  

The Nuclear Power Plant (NPP) is an 
integration of about 250 systems. The dynamics 
of these systems is very complex and it is very 
difficult to mathematically model these systems 
in detail. Amongst various control loops, 
Primary Pressure Control System (PPCS) is one 
of the most important control loops of 

Pressurized Heavy Water Reactor (PHWR)-type 
nuclear power plant. PPCS is a conventional 
control system using Proportional Integral 
Derivative (PID) control algorithm for pressure 
signals and ON-OFF control algorithm for surge 
tank level signal [2]. The problem is to design a 
new intelligent control system capable of 
adaptation and anticipation. Therefore, in order 
to design such an intelligent control system, a 
hybrid technology is adapted.  

In hybrid neuro-fuzzy system, neural network 
can be used to learn system behavior based on 
system input-output intelligent data. This learned 
knowledge can be used to generate fuzzy logic 
rules and membership functions, significantly 
reducing the development time for embedded 

−−−−−−−−−−−−−−−−−−−−−−− 
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control systems [3]. 

Different types of neuro-fuzzy systems are 
used for different applications of identification, 
modeling, control, fault detection and expert 
systems purposes. An Adaptive Network Fuzzy 
Inference System (ANFIS) neuro-fuzzy system 
has been reported in [1] for designing the 
maritime structures. In [3], an ANFIS-based 
modeling and feedforward control system has 
been developed for shape memory alloy 
actuators. An ANFIS-based PID controller has 
been developed for robot manipulator [4]. A 
radial basic function neural network based 
ANFIS neuro-fuzzy controller has been 
identified for robotic manipulator application 
[5]. Another application of neuro-fuzzy 
controller for the navigation of mobile robot 
using artificial neural network based on 
trigonometric series has been reported [6]. 
Computational accuracy of ANFIS and ANN as 
nonlinear models and Auto-Regenerative 
Integrated Moving Average (ARIMA) as linear 
model for forecasting applications have been 
analyzed and presented [7].  

Neural networks have been extensively 
investigated in the context of system 
identification and simulation for nuclear research 
reactor [8-10]. Recurrent type ANN has been 
used for the prediction of flux and core power in 
different types of Pressurized Water Reactors 
(PWRs) [11, 12]. Ann attempt has been made for 
designing an intelligent Multi-Input-Multi-
Output (MIMO) PWR core power controller 
using nuclear reactor code, recurrent type ANN 
and fuzzy system with fuzzifier and defuzzifier 
[13]. An improved intelligent MIMO PWR 
controller for axial off-set control using 
recurrent type ANN, fuzzy system with 
Singleton Fuzzifier, a Product Inference Engine 
and a Center of Gravity Defuzzifier (SF-PIE-
CGD) has been reported [14]. A prediction of 
Channel Power Distribution (CPD) for an Indian 
PHWR has been proposed [15]. The 
identification of nonlinear dynamics of PHWR 
has been recently investigated using Adaptive 
Feedforward Neural Network (AFNN) [16]; and, 
thus, a research effort has been put for 
developing nonlinear models of different reactor 
system using feedforward neural network 
optimized by generalized delta rule with 
momentum weight and bias learning rules. A 
PPCS has been designed for Indian PHWR using 
fuzzy logic controller [17]. This fuzzy controller 
is a simple controller designed for feed and 

bleed system using seven triangular membership 
functions only.  

In this research work, a new design approach 
is attempted for the successful replacement of 
primary pressure control system of a different 
PHWR-type nuclear power plant. Our proposed 
design methodology is one step ahead from 
research work reported [16, 17]. In this paper, a 
new MIMO hybrid intelligent adaptive neuro-
fuzzy system is designed based on the 
integration of Adaptive Feedforward Neural 
Network [16] and Mamdani-type Fuzzy 
Inference System (MFIS) in the frame work of 
parallel learning of 24 each of triangular and 
trapezoidal membership functions for inputs and 
forty five triangular and sixteen trapezoidal 
membership functions for outputs. Therefore, a 
parallel learning and parallel data processing has 
been adopted with clustering algorithm for the 
selection of membership functions, advanced 
intelligent soft computing and neural 
optimization for fuzzy rule reduction for a 
different PHWR-type nuclear power plant. The 
Mamdani adaptive neuro-fuzzy intelligent 
system is better than ANFIS in expression of 
consequent part and intuitive fuzzy reasoning. 
In this MOMO-HI system, an operator and 
implication operator is product and aggregate 
operator is sum and defuzzification operator is 
centroid of area. Therefore, a composite 
inference method is evolved which results in 
excellent ability of learning because of 
differentiability while soft intelligent 
computing. It resolves some difficulties that 
are associated with other intelligent inference 
systems by providing multi-parameter 
computational facility and easy weight 
assigning facility to each input and fuzzy 
rules. Thus, it has a great flexibility with 
multi-parameter synthetic evaluation which is 
a main issue of T-S fuzzy inference system. 
The unique aspect of this control system is the 
hybrid intelligent critic which simulates an 
expert’s operation in reality. This 
characteristic increases the degree of 
intelligence and robustness of the system and 
results in self tuning and adaptive controller 
design. This MIMO-HI has advantages in 
nonlinear modeling, membership functions in 
consequent parts, scale of training intelligent 
data and amount of adjusted parameters. The 
power of proposed MIMO-HI system is it’s 
intuitive reasoning, widespread acceptance 
and it’s well suited to human cognition which 
are not achievable in ANFIS model.     
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MATERIALS AND METHODS   
 
Primary Pressure Control System (PPCS)   

The primary pressure control system is one of 
the most important critical control system of 
PHWR-type nuclear power plant [2]. The 
purpose of primary heat transport system is to 
remove generated heat from the nuclear fuel. 
The design philosophy behind this heat removal 
system is to avoid fuel meltdown in case of core 
depressurization below 1427 psig and to avoid 
piping system burst out in case of over 
pressurization above 1581 psig. Therefore, the 
purpose of primary pressure control system is to 
maintain pressure of the reactor coolant system 
( PP ) around the pressure set-point ( PsetP ) of 
1500 psig. There are two types of set-points 
involved in this multivariable control loop. One 
for primary pressure regulation ( PsetP ) based on 
PID control system and other for surge tank 
level control ( setL ) based on ON-OFF control. 
The main pressure control system is a feed-bleed 
system used to increase and decrease pressure of 
primary heat transport system. Feed-bleed 
control system consists of two feed valves 
( 21 , FVFV ), two bleed valves ( 21 , BVBV ) and 
one spray valve ( SV ). Both feed and bleed 
valves have split range control i.e. control 
transfer from one valve to other valve in a bump-
less manner. Feed valves are provided to 
increase the system pressure in case of 
depressurization while bleed valves are provided 
to decrease the system pressure in case of over 
pressurization. Spray valve is also known as 
secondary bleed. Spray valve is operated in case 
of severe transients. Surge tank level control 
system is a support control system of main feed-
bleed system. Surge tank is provided for 
pressure cushioning by regulating the surge tank 
level ( VL ).  Surge tank ON-OFF control system 
consists of three heaters. These three heaters turn 
ON-OFF at different threshold points. The block 
diagram of MIMO primary pressure control 
system is shown in Fig. 1. The dynamics of 
nuclear power plant is highly nonlinear in 
nature. Therefore, a nonlinear control synthesis 
is a better solution for the replacement of a 
conventional control system of PHWR. Thus, a 
hybrid adaptive neuro-fuzzy system is selected 
as an alternate modern design solution having 
nonlinear structure. All the nonlinearities and 
uncertainties due to system ageing effects and 
parametric variations are embedded in the plant 
closed loop dynamic operational data.  
 

 
Fig. 1. Block diagram of MIMO primary pressure 
system. 

 
In this paper, an adaptive neural network and 

Mamdani fuzzy inference system are combined 
to form Mamdani integrated adaptive neuro-
fuzzy system for control synthesis of primary 
pressure control of a PHWR-type nuclear power 
plant. The basic set-up of integrated neuro-fuzzy 
system is shown in Fig. 2.  

 
Fig. 2. Basic setup of integrated neuro-fuzzy system. 

 
Hybrid Intelligent System Methodology  

Mamdani adaptive neuro-fuzzy algorithm  

Mamdani adaptive neuro-fuzzy intelligent 
system is an adaptive network based on 
Mamdani fuzzy inference system. Mamdani 
adaptive neuro-fuzzy intelligent system uses a 
supervised learning technique. The supervised 
learning is accomplished by adaptive 
feedforward backpropagation learning 
algorithm. The algorithm of adaptive 
feedforward backpropagation neural network 
is adopted from [16]. The Mamdani neuro-
fuzzy system consists of five layers. The 
MIMO-HI adaptive neuro-fuzzy system is 
designed by decomposing the original MIMO 
system into five MISO adaptive neuro-fuzzy 
systems. The detailed architecture of two inputs 
and one output MISO Mamdani adaptive neuro-
fuzzy system is shown in Fig. 3. The design 
philosophy of two inputs and one output MISO 
neuro-fuzzy intelligent system is explained 
below:   
 
Form of Reasoning  
 
Generalized Modus Ponens 
 Premise: 1u  is 1A  
 Implication: if 1u  is 1A  then 2u  is 1B  
 Consequence: y  is 1C  
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where 1A , 1B and  1C  are fuzzy sets and 1u , 2u  
and y are symbolic names for inputs and output 
respectively. 

 Premise: 1u  is 2A  
 Implication: if 1u  is 2A  then 2u  is 2B  
 Consequence: y  is 2C  

where 2A , 2B and  2C  are fuzzy sets and 1u , 2u  
and y are symbolic names for inputs and output 
respectively. 

                                                                                   
Fig. 3. Architecture of Mamdani adaptive neuro-
fuzzy MISO system. 

 

Similarly, the other control actions are 
designed. The design details of five layer 
hybrid intelligent system are as follows: 

Layer 1: Layer 1 is an input layer and 
practically no computation is performed in 
this layer. Each node corresponds to one input 
variable in this layer. Therefore, the weights 
of layer 1 are unity. 

Layer 2: Layer 2 is a fuzzification layer. Each 
node corresponds to one linguistic label. In 
this layer, output link presents the membership 
value. Basically, the degree to which an input 
belongs to a fuzzy set is computed in this 
layer. A clustering algorithm is used to select 
the initial number and type membership 
functions to be allocated to each of the input 
variables. The fuzzy sets in reality represent the 
shape of membership function. The final shapes 
of membership functions will be fine-tuned 

during network learning. Membership functions 
could be triangular, trapezoidal, generalized bell 
shaped, Gaussian curve, Sigmoid shaped, Z 
shaped or one can define any custom shaped 
membership function. In our proposed design, 
the selected membership functions fired by the 
clustering algorithm are mostly triangular and 
sometimes trapezoidal in shapes. These 
triangular and trapezoidal membership functions 
have the following forms:  
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where ia , ib , ic and id are the nonlinear 
parameters referred to as premise parameters.  

Layer 3: Layer 3 is a rule antecedent layer. A 
T-norm is used in this layer. The output of this 
layer 3 node corresponds to the firing strength 
( iw ) of the respective ith fuzzy rule. The 
training data is divided into i disjoint 
clusters iRRR ,........,, 21 . Each cluster 

iR corresponds to a control rule iR . 

Layer 4: Layer 4 is a rule consequent layer. 
This layer combines the incoming rule 
antecedents and determines the degree to 
which they belong to the output linguistic 
label. The number of nodes in this layer will 
be equal to the number of rules.  

Layer 5: Layer 5 is a combination and 
defuzzification layer. This layer combines all 
rule consequents using a T-conorm operator 
and final crisp outputs are calculated after 
defuzzification. If consequent membership 
function is triangular then each membership 
function has three nonlinear parameters to be 
adjusted. Similarly when consequent 
membership function is trapezoidal then each 
membership function has four nonlinear 
parameters to be adjusted.    
 
Computations of nonlinear parameters  

In this paper, the adaptive feedforward 
backpropagation algorithm with generalized 
delta learning rule is adopted for modifications 
and fine tuning of nonlinear parameters of 
triangular and trapezoidal membership functions. 
The learning procedure involves the presentation 
of pairs of input-output patterns. The generalized 
delta rule allows a gradient descent in the sum 
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squared error of the output, with the processing 
elements using nonlinear activation function. 
The error signal starts from output layer and 
goes backward layer by layer until the input 
layer is attained.  The weights are computed and 
updated using gradient decent algorithm 
presented in [16]. 
 
Rule Reduction by neural optimization 
technique 

Initially, a higher order nonlinear neuro-fuzzy 
system is designed but with an optimization 
algorithm unnecessary rules are eliminated by 
eliminating unnecessary input variables in the 
input vector for rules iRRR ,........,, 21 by 
neglecting one input variable in one of the rules 
and comparing the control result with the one 
when the variable is not neglected. If the 
performance of the primary pressure control 
system is not influenced by neglecting input 
variable ju in rule iR , ju is unnecessary for 

iR and thus can be neglected. Therefore, a 
reduced order nonlinear neuro-fuzzy primary 
pressure control system is obtained.  
 
Design of MIMO Hybrid Adaptive Neuro-
fuzzy System for PPCS 
 
Decomposition of MIMO intelligent system into 
MISO intelligent system 

The multivariable MIMO hybrid adaptive neuro-
fuzzy system is designed by decomposing it into 
five MISO adaptive neuro-fuzzy systems. The 
MIMO hybrid intelligent system is designed in a 
framework of parallel learning and parallel data 
processing. Primary pressure error signal (

pPe ), 

primary pressure error rate signal (
dt

de
pP ) and 

surge tank level error signal ( Le ) are identified 
as three input signals for MIMO adaptive neuro-
fuzzy design. These three signals are computed 
using primary pressure set-point signal ( PsetP ), 
primary pressure measured signal ( PP ), surge 
tank level set-point signal ( setL ) and surge tank 
measured level signal ( VL ). Two feed valves 
positions ( 21 , FVFV ), two bleed valves positions 
( 21 , BVBV ) and one spray valve of position 
( SV ) are identified as five output signals for 
MIMO adaptive neuro-fuzzy design. The block 
diagram MIMO hybrid adaptive neuro-fuzzy 
intelligent system for primary pressure control 

system is shown in Fig. 4. The design of MIMO 
adaptive neuro-fuzzy system knowledgebase 
which is the heart of this design is shown in Fig. 
5.  
 

 
Fig. 4. MIMO adaptive neural-fuzzy design. 

 

 
Fig. 5. Design of knowledgebase for MIMO adaptive 
neural-fuzzy system. 
 
Closed loop data 

A total of 410 patterns are obtained from 
closed loop primary pressure control system 
dynamics of PHWR-type nuclear power plant. 
These patterns are selected based on most 
representative samples set that depict the 
excellent closed loop dynamics without any 
noise and error in measurement because a highly 
dedicated and sophisticated measurement system 
has been employed for this purpose. Three 
different set of data patterns are prepared for 
adaptive feedforward neural network 
development; one set is comprised of 246 
patterns (60% of total patterns) for training, 
second set is comprised of 82 patterns (20% of 
total patterns) for validation and third set is 
comprised of 82 patterns (20% of total patterns) 
for testing of design.   
 
MISO adaptive neuro-fuzzy systems 

Five MISO adaptive neuro-fuzzy systems are 
synthesized based three inputs and one output. 
The inputs of all five MISO adaptive neuro-
fuzzy systems are common and are trained in a 
framework of parallel data processing. The 
intelligent predictions from five MISO adaptive 
neuro-fuzzy systems are the valve positions of 
two feed valves ( 21 , FVFV ), two bleed valves 
( 21 , BVBV ) and one spray valve ( SV ).  
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RESULTS AND DISCUSSION 
 
Training, validation and testing experiments are 
performed for five MISO adaptive neuro-fuzzy 
systems based on real data of PHWR-type 
nuclear power plant sampled at 1 second [2]. 
Therefore, for the purpose of simulations and 
performance analysis of proposed MISO 
adaptive neuro-fuzzy systems, the inputs and 
outputs are described in real time of signals that 
will basically correspond to number of patterns.     

Training of Designed MIMO Adaptive Neuro-
Fuzzy System 

Training of five MISO adaptive neuro-fuzzy 
systems for primary pressure control system of 
PHWR-type nuclear power plant is carried in 
MATLAB environment. A Graphical User 
Interface (GUI) is developed in Visual Basic for 
variables transfer and simulation experiments. In 
Table 1, 15 linguistic variables are defined that 
are used to describe membership functions of 
inputs and outputs. In Table 2, the values of 
different design parameters of MIMO adaptive 
neuro-fuzzy intelligent system for primary 
pressure control are shown. In Fig. 6-8, 
membership functions for primary pressure 
error, primary pressure error rate and surge tank 
level error signals are shown. There are six, five 
and three membership functions for primary 
pressure error, primary pressure error rate and 
surge tank level error signals respectively. In 
Fig. 9-10, membership functions for feed valves 
1 and 2 signals are shown. There is one 
membership for each feed valve. Membership 
functions for bleed valves 1 and 2 are shown in 
Fig. 11-12. There are six and seven membership 
functions for bleed valves 1 and 2 respectively. 
Membership functions for spray valve are shown 

in Fig. 13. There are four membership functions 
for spray valve.  

 
Table 1. Linguistic variables for MIMO 
Mamdani adaptive neuro-fuzzy PPCS. 
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− 
Linguistic Variables Definitions 
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− 
BN Big Negative 
MN Medium Negative 
SN Short Negative 
ZE Zero 
CZ Close to Zero 
ON Short Slightly Positive 
TW Medium Slight Positive  
TH Big Slight Positive 
FO Very Big Slight Positive 
SP Short Positive 
VSP Very Short Positive 
MP Medium Positive 
BP Big Positive 
VBP Very Big Positive 
HP High Positive 
 
Table 2. Design parameters of MIMO Mamdani 
Adaptive neuro-fuzzy PPCS. 
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− 
Network Parameters Values 
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− 
Number of Training Patterns (60%) 246 
Number of Validation Patterns (20%) 82 
Number of Testing Patterns (20%) 82 
Learning Rate 0.006 
Thresholding Parameter 0.7 
Number of Nonlinear Parameters for  
   Triangular Membership Functions 69 
 
Number of Nonlinear Parameters for  
   Trapezoidal Membership Functions 40 
Number of Epochs  100 
Performance 4.17029 x 10-6 

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− 

 

 
Fig. 6. Membership functions for primary pressure error. 
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Fig. 7. Membership functions for primary pressure error rate. 

 

 
Fig. 8. Membership functions for surge tank level error. 

 

 
Fig. 9. Membership function for feed valve 1. 
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Fig. 10. Membership function for feed valve 2. 

 

 
Fig. 11. Membership functions for bleed valve 1. 

 

 
Fig. 12. Membership functions for bleed valve 2. 
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Fig. 13. Membership functions for spray valve. 

 
Validation and Testing of Designed MIMO 
Adaptive Neuro-Fuzzy System 

Since the proposed hybrid adaptive neuro-fuzzy 
intelligent system is a digital neural network, so 
its prediction error is computed against number 
of epochs. The performance of the proposed 
neuro-fuzzy system in training, validation and 
testing phase is computed in terms of MSE and 
shown in Fig. 14. The performance of the 

proposed design is found excellent against the 
target goal. All three performance curves for 
training, validation and testing, shown in Fig. 14, 
are almost identical which indicates that choice 
of patterns is very accurate and noise-free. And 
all membership functions are selected and fired 
exactly in accordance with the dynamics of 
control system covering all important modes of 
closed loop control system.    

 

 
Fig. 14. MSE Performance of adaptive neural network in training, validation and 
testing phases. 
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When a neuro-fuzzy system has been trained, 
the next step is to evaluate it. The training and 
testing of neuro-fuzzy system is employed by 
considering a severe transient in PHWR-type 
nuclear power plant. In this severe transient, two 
feed valves are stuck open at 100% opening 
condition. The design of primary pressure 
control is such if two feed valves are stuck open 
at 100% opening condition then two bleed 
valves tries to compensate this 100% feed valve 
opening to avoid bursting out of primary headers 
and piping system. The level in the surge tank 
continuously increases during this transient. 
Therefore, a secondary bleed also appears to 
compensate this severe situation.  

In this severe transient, performance of new 
MIMO-HI based closed loop control system is 
evaluated by comparing with conventional PID 
controller based closed loop control system. The 
system is initially at 1500 psig steady pressure. 
Suddenly, both feed valves are stuck open at 
100% opening condition. In Fig. 15-16, MIMO-
HI based closed loop control system response is 
compared with conventional PID controller 
based closed loop system response for both feed 
valve positions predicting the actual stuck feed 
valves opening condition. Initially, the level of 
the surge tank is 44.5 inches at 1500 psig. Later 
on, this level starts continuously increasing in 
the surge tank. In Fig. 17, comparison of MIMO-
HI based closed loop control system response is 
compared with conventional PID controller 
based closed loop system response for bleed 
valve 1 opening demand. The bleed valve 1 
attains the 100% valve opening demand in 24 
seconds. In Fig. 18, MIMO-HI based closed loop 
control system response is compared with 
conventional PID controller based closed loop 

system response for bleed valve 2 opening 
demand. The bleed valve 2 takes a small 
transient in the beginning because bleed valve 1 
tends to attain 100% feed valve opening in this 
period and finally the bleed valve 2 starts 
fluctuating after 68 seconds to cope 100% feed 
valves opening demand. During this bleed valve 
2 opening, the level in the surge tank further 
rises. In Fig. 19, comparison of MIMO-HI based 
closed loop control system response is compared 
with conventional PID controller based closed 
loop system response for spray valve opening 
demand. In Fig. 19, the opening demand of 
secondary bleed i.e. spray valve is predicted. 
The spray valve remains 0% open upto 68 
seconds and then starts fluctuating to cope 
excessive swell in the primary heat transport 
system. During the entire transient the primary 
pressure remains within ± 20 psig around 1500 
psig which proves the robustness of the proposed 
MIMO adaptive neuro-fuzzy intelligent system 
for pressure control system. The final level of 
surge tank is 69. 5 inches during this transient. 
The performance of the proposed MIMO 
adaptive neuro-fuzzy intelligent system for 
primary pressure control system of PHWR-type 
nuclear power plant is highly efficient, fast and 
robust. The level of oscillations is much reduced 
and hence an excellent design is obtained which 
provides sound basis for the successful 
replacement of conventional primary pressure 
control system of PHWR-type nuclear power 
plant. Experimental results tell that this MIMO-
HI model can achieve the desired targets and 
have a preferable capacity in traffic Level-Of-
Service (LOS) evaluation for 410 patterns as is 
evident from Fig. 14.  
 

 
 

 
Fig. 15. Comparison of MIMO-HI and PID controllers based response for feed valve 1. 
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Fig. 16. Comparison of MIMO-HI and PID controllers based response for feed valve 2. 

 
 
 

 
Fig. 17. Comparison of MIMO-HI and PID controllers based response for bleed valve 1. 

 
 
 

 Fig. 18. Comparison of MIMO-HI and PID controllers based response for bleed valve 2. 
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Fig. 19. Comparison of MIMO-HI and PID controllers based response for spray valve. 

 

CONCLUSION 
 

A hybrid neuro-fuzzy intelligent algorithm 
has been proposed for multivariable primary 
pressure control system of a PHWR-type nuclear 
power plant. The design of MIMO hybrid 
adaptive neuro-fuzzy intelligent system is based 
on the decomposition of MIMO system into five 
MISO adaptive neuro-fuzzy systems using 
adaptive feedforward neural network and 
Mamdani-type fuzzy inference system for the 
intelligent predictions of five control valve 
positions. The designed hybrid adaptive neuro-
fuzzy intelligent system proves an excellent 
agreement with the PID-based closed loop 
experimental data and its effectiveness in a real 
world situation of nonlinear time-varying 
PHWR-type nuclear power plant.    
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Abstract: A relationship between soil characteristics and plant communities of the industrial areas of 
Korangi and Landhi in Karachi (Pakistan) was studied. Soil samples were analysed from twenty eight 
stands around the industrial areas of Korangi and Landhi. On the basis of leading dominant species, fifteen 
plant communities were recognized in which some of the communities were purely dominated by single 
species. The soil characteristics were also determined. All the communities were correlated with the 
edaphic conditions of the industrial areas. The range of coarse sand, water holding capacity, organic matter, 
total soluble salts and available sulfate were between 21-84%, 22-35%, 0.8-3.4%, 4.5-14.0% and 125-575 
mg kg-1, respectively, while, pH and CaCO3 ranged between 8.0-8.3 and 9.5-35.8%, respectively. All the 
plant communities, mean values of soil characteristics were: coarse sand 41%, water holding capacity 29%, 
organic matter 1.5%, total soluble salts 9.9%, available sulfate 279 mg kg-1, while the pH 8.2 and CaCO3 
22% were high. In most of the dominant species, the soil characteristics were similar to those found in the 
respective plant communities. 
 

Keywords: Industrial areas, plant communities, plant-soil relationships, soil characteristics 
 

 
INTRODUCTION 
 
Soil, air and water have been used as sites for the 
disposal of wastes. The soil of a natural 
community is a part of the ecosystem. Different 
soil support different types of plant communities 
that is effected by soil characteristics while the 
plant community also influences the physico-
chemical  characteristics of the soil [1]. Striking 
amount of soluble salts and insufficient leaching 
in soil causing halophytic types of vegetation 
around industrial sites. Iqbal et al. [2] described 
waterlogged and saline soils supported a 
halophytic type of vegetation at Valika Chemical 
Industry on the Sindh Industrial Trading Estate 
in Karachi. High organic matter provides 
nutrient availability for enhancement in plant 
growth. Shafiq and Iqbal [3] reported that soil 
has alkaline nature, appreciable calcium 
carbonate and little amount of organic matter 
around National and Javedan Cement Factories 
of Karachi which affected on plant communities 
growing around industries. Considerable 
available sulfate decrease the plant growth and 
excessive amount SO2 is discharged by 

industrial emanation. Iqbal and Qamar-uz-
Zaman [4] found high amount of available 
sulphur in soil near of Oil Refinery followed by 
Muhammadi Foundary and Ittefaq Foundary 
from Korangi industrial area of Karachi, while 
Karachi University Campus soil has lowest 
sulfur concentration was affected on vegetation 
pattern. High water holding capacity produce 
aggregation of vegetation in an area. Mehmood 
and Iqbal [5] reported sandy loam soil, slight 
variations in the water holding capacity, 
sufficient CaCO3 concentration and high soil pH 
around wasteland of Valika Chemical Industries 
near Manghopir Road in Karachi influenced 
vegetation types. 

Different industries are polluting the soils 
around the industries in Karachi. We 
investigated the effects of different industries on 
soil, their correlation with plant communities. 
 

MATERIALS AND METHODS 
 
The study was based on the analysis of soil 
samples collected from twenty eight stands 
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around different factories where diverse plant 
communities was growing from Korangi and 
Landhi Industrial Areas of Karachi (Pakistan). 
Sampling of vegetation of these stands was 
conducted by Point Centered Quarter Method by 
employing twenty five sampling points in each 
stand. At each sampling point four plants were 
recorded. The circumference of each plant was 
also noted. Phytosociological attributes like 
cover, relative cover, density, relative density, 
frequency, relative frequency and importance 
value index of each species were calculated and 
analysed Curtis and McIntosh [6].  

For soil analysis, two soil samples from each 
stand were obtained from upper layer at 0-30 cm 
depth and air-dried, lightly crushed and passed 
through a 2 mm sieve. For mechanical analysis 
of soil, coarse sand was determined by sieve 
method [7]. Water holding capacity was 
measured by the method of Keen [8]. Soil 
organic matter was determined according to 
Jackson [9]. Calcium carbonate (CaCO3) was 
determined by acid neutralization, as described 
by Qadir et al. [10]. Bower and Wilcox [11] 
methodology was used to determine total soluble 
salts, whereas soil pH was recorded by  pH- 
meter (MP 220 pH Meter) (Mettler, Toledo). 
Available sulfate in the soil was determined by 
the turbidity method [12] using colorimeter 
(Photoelectric Colorimeter AE-11M).  

 
RESULTS AND DISCUSSION 
 
Fifteen plant communities were recognized 
amongs the 28 stands on the basis of leading 
dominant species by high importance values 
index. Mean values of each soil characteristics 
of each stand were also combined and calculated 
average values of soil according to recognized 
fifteen plant communities and correlated edaphic 
characteristics of soil with plant communities in 
the vicinity of the industrial areas of Korangi 
and Landhi. In soil of most of the plant 
communities, coarse sand, water holding 
capacity, organic matter, total soluble salts and 
available sulfate were moderate while, CaCO3 
and pH were high. Soil characteristics of 
different plant communities are depicted in 
Table 1. Vegetation directly depends on the soil 

characteristics and conditions necessary for 
successful growth and distribution of plants. 
Nazarian et al. [13] have demonstrated that the 
soil moisture, soil pH, organic matter, slope, 
degree and altitude from sea level of the region 
are principal ecological factors. Coarse sand and 
calcium carbonate were considerably found in 
soil of Cressa cretica L. community as 
compared to the other communities. Mehmood 
and Iqbal [5] elaborated that in sandy soil, the 
surface was loose textured and the root system 
of plants could penetrate deep into soil and 
extract water from the lower soil horizons for 
their growth during dry season. A substantial 
amount of calcium carbonate (9.8-17.1%) is the 
characteristic feature of arid zone soils [14]. 
Suaeda fruticosa (L.) Forssk. community had 
notably adequate soil water retention capacity. In 
first dominant species S. fruticosa species also 
attained highest important value index in the 
stands on soils with high water holding capacity 
(Table 2). Soil texture and water holding 
capacity were correlated and influenced the 
distribution of species on soil in Korangi and 
Landhi industrial areas. 

The organic matter content was sufficient in 
soils of Abutilon indicum-Prosopis juliflora 
community (Table 1) and as a dominant plant, 
soil of Salsola baryosma (R. & S.) Dandy 
species also has substantial soil organic matter 
(Table 2). In those communities which had a 
higher percentage of soil organic matter, the 
water holding capacity of soil was consequently 
increased due to the colloidal nature of the 
organic matter [15].  

Soils of all communities and first dominant 
species had slightly high pH ranges in their 
stands (Table 1, 2). The pH of soils of the 
Korangi and Landhi industrial areas ranged 
between 8.0-8.3 in soils of all communities and 
ranged between 7.9-8.3 in soils of all first 
dominant plant species. Plants are sensitive to 
soil pH which effect concentrations of different 
nutrients in soil solution and make them less 
available to plants. However, many soil nutrients 
are soluble in neutral or near neutral solution 
(pH 6.5-7.2) [16] and become available to the 
plants. 
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Table 1. Correlation of soil characteristics with plant communities observed around the Korangi and Landhi 
Industrial Areas of Karachi. 
 

Sr. 
No. 

Community name Coarse 
sand 
(%) 

W.H.C.a 
(%) 

Organic 
matter     

(%) 

CaCO3 
(%) 

Total 
soluble 

salts  
(%)

pH Available    
sulfate  

(mg kg-1) 

No. of soil stands 
of plant 

communities 
combined 

1. Abutilon indicum- 

Prosopis juliflora 

21 23 3.4 28.5 12.0 8.1 308 1 

2. Abutilon indicum 33 30 1.6 18.8 9.6 8.0 210 6 

3. Abutilon indicum- 
Cressa cretica 

38 23 1.6 22.8 11.0 8.3 424 2 

4. Abutilon indicum- 
Tribulus terristris 

31 31 0.8 9.5 10.0 8.2 125 1 

5. Cressa  cretica 84 22 1.5 35.8 10.3 8.2 351 2 

6. Cressa cretica – 
Abutilon indicum 

31 33 1.3 10.5 7.5 8.0 431 1 

7. Cressa cretica – 
Senna holosericea 

49 33 1.0 28.0 10.0 8.2 230 1 

8. Digera alternifolia- 
Senna holosericea 

47 29 1.2 25.8 7.5 8.3 128 2 

9. Suaeda fruticosa 65 35 0.8 27.5 4.5 8.2 371 1 

10. Salsola baryosma 41 33 2.2 17.5 12.5 8.2 311 1 

11. Corchorus 
trilocularis- 
Abutilon indicum  

28 30 1.3 18.0 8.2 8.0 219 3 

12. Amaranthus viridus- 
=Prosopis juliflora 

25 26 0.9 10.2 11.7 8.2 213 3 

13. Gynandropsis 
gynandra-Digera 
alternifolia 

42 28 1.4 29.3 12.8 8.1 168 2 

14. Prosopis juliflora- 
Abutilon indicum 

24 29 2.1 29.5 14.0 8.0 575 1 

15. Cenchrus biflorus- 
Senna holosericea  

49 30 1.6 14.0 6.5 8.3 128 1 

aW.H.C. = Water Holding Capacity. 
 
Table 2. Correlation of first dominant species with soil characteristics in Korangi and Landhi Industrial Areas of 
Karachi. 
 

 
Dominant species 

No. of stands 
in which sp. is 
showing 1st. 

position   

Mean 
Importance 
value index   

Coarse 
sand (%)

W.H.Ca.  
(%) 

Organic 
matter   

(%) 

CaCO3   
(%)      

Total 
soluble 

salts  
(%) 

pH Available   
sulfate  

(mg kg-1) 

Suaeda fruticosa (L.) Forssk. 1 226.14 65 35 0.8 27.5 4.5 8.2 371 
Salsola baryosma (R. & S.) Dandy 1 188.32 41 33 2.2 17.5 12.5 8.2 311 
Corchorus trilocularis L. 2 174.71 32 32 1.7 22.0 8.8 7.9 274 
Abutilon indicum (L.) Sweet 10 134.22 33 28 1.7 19.7 10.2 8.1 254 
Cressa cretica L. 4 145.33 62 27 1.3 27.5 9.5 8.1 341 
Amaranthus viridis L. 3 105.06 25 26 0.9 10.2 11.7 8.2 213 
Digera alternifolia (L.) Aschers. 2 99.35 47 29 1.2 25.8 7.5 8.3 128 
Corchorus depressus (L.) Stocks 1 94.59 19 25 0.6 10.0 7.0 8.1 108 
Gynandropsis gynandra (L.) Briq. 2 91.90 42 28 1.4 29.3 12.8 8.1 168 
Prosopis juliflora Swartz 1 87.69 24 29 2.1 29.5 14.0 8.0 575 
Cenchrus biflorus Roxb. 1 76.57 49 30 1.6 14.0 6.5 8.3 128 
 
aW.H.C. = Water Holding Capacity. 
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Abutilon indicum (L.) Sweet appeared as the 
most dominant species in ten stands as compared 
to other species (Table 2) and survival and 
resistant was conspicuous against industrial 
emission in the proximity of industrial locations 
in despite of considerable total soluble salts in 
soil. Same findings were also elucidated as first 
dominant plant in soil of S. baryosma species. 
The soil under Prosopis juliflora-Abutilon 
indicum community had higher total soluble 
salts and available sulfate. Soil dominated by 
Prosopis juliflora Swartz, had significantly 
notable concentration of CaCO3, total soluble 
salts and available sulfate. Vegetation was 
adversely affected by anthropogenic activity and 
increased salts concentration in groundwater. 
Therefore, soluble salts produced a significant 
impact on the plant communities [16]. Low 
levels of SO2 can be absorbed through plant 
leaves and utilized within plants, while high 
concentrations of this gaseous form of sulfur is 
toxic. 

As first dominant species, in soils stands of 
C. cretica and S. fruticosa found high percentage 
of coarse sand and CaCO3. All communities had 
adequate amount of CaCO3 and total soluble 
salts in soils except soil of Suaeda fruticosa 
community which showed lowest level of total 
soluble salts. Soil of Cressa cretica and Prosopis 
juliflora–Abutilon indicum communities 
displayed distinct amount of coarse sand and 
available sulfate in soils, respectively.  

In this investigation, Prosopis juliflora, 
Abutilon indicum, Cressa cretica, Suaeda 
fruticosa and Salsola baryosma were tolerant 
species against the polluted soil due to existence 
in different range of soils characters in different 
soil stands. The findings of this research would 
be helpful for monitoring the pollutant levels in 
soils according to correlation of plant 
communities as well as useful for landscaping 
and urban planning. 
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Abstract: Bracon hebetor is a larval parasitoid of various lepidopterous insect pests. It was reared in 
laboratory on large scale on a host, waxmoth, Galleria mellonella, at different temperature and 
humidity percentages. Galleria mellonella was reared on an artificial diet at 30 ± 1°C and 75 ± 5 % 
R.H. It was observed in the experiment for storage of pupae that the number of surviving pupae 
decreased as the storage periods increased. However, the percentage of emergence reduced from 90 to 
86% on 15 °C for the 1st and 2nd weeks, respectively. The study on reproductive and post-reproductive 
life (PRL) of the female prarasitoid revealed that the longevity ranged from 17 to 32 days with an 
average of 23.17 ± 3.80 days. It is assumable that the observed increase in PRL, with host density, was 
due to the females, obtaining more energy by taking more frequent blood-meals from greater number of 
hosts. 
 

Keywords: Refinement, mass rearing, larval parasioitd, Bracon hebetor (Say)  
 
INTRODUCTION 
 
Bracon hebetor, is an ectoparasitoid of the 
larvae of many pyralid pest-species, that attack 
stored grains [1]. The parasitoid is considered to 
have a potential for the biological control, of 
many other lepidopterous pests, of various crops, 
because it is highly aggressive [2]. It occurs, 
naturally, throughout the world. There is a 
growing evidence that B. hebetor can also be an 
important bio-control agent of Helicoverpa 
armigera [3]. It is used in Turkmenistan, on 
cotton and to a lesser extent, in Uzbekistan, 
where they rely more on Trichogramma pintoi 
[4]. It attacks the larval stage of stored grain 
pyralid moths, such as, Plodia interpunctella 
Hübner (Lepidoptera: Pyralidae) [5]. It has been 
widely used in studies of host parasitoid 
interactions, because of its high reproductive 
rate, short generation time and considerable 
range of host species [6].  

The parasitoid, B. hebetor has a great 
potential as a bio-control agent of the stored 
product moth [7]. The biology of B. hebetor, has 
been intensively studied because of it’s 
suitability as a model organism: which is easy to 
rear in the laboratory and has also a great 
potential for being used as a biological control 
agent of many lepidopterous pests. Bracon 
hebetor, was used to control the Ecomyelios 
ceratoniae, on dates, in warehouses. It has also 

been found, that it was very active, in the field, 
to control certain lepidopterous pests [8]. Bracon 
hebetor (Say), while attacking the larvae of 
Plodia interpunctella (Hübner), also showed 
similar ovipositional-behavior, related to the 
host-size, depositing more eggs on larger hosts, 
than on smaller ones. Presumably, the parasitoid 
is adjusting clutch-size to the nutritional value of 
the host, thereby avoiding larval competition, 
among its progeny [9].  

The storage of the parasitoid in the form 
pupae is very important for its timely releases. 
Similarly the reproductive and post-reproductive 
life span of the female is very important for the 
laboratory rearing of the parasitoid. This 
information is very helpful in the mass rearing of 
the insects, especially the bio-control agents. 
The present research experiments were 
conducted to study the storage of parasitoid 
pupae at different temperatures for different time 
periods in order to determine the suitable 
temperature for storage. The experiments also 
included the study of reproductive and post-
reproductive life span of the adult females. 
 

MATERIAL AND METHODS 
 
The research study was conducted in a 
laboratory at the Department of Agri. 
Entomology, University of Agriculture, 
Faisalabad. The experiments were laid down in 
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completely randomized design. 
 
Collection of Insects 
 
(i) Bracon hebetor (Say.) (Larval parasitoid) 

The adults, were collected, mostly, from the 
fields of berseem, in the months of January and 
February. However, the parasitized larvae of the 
armyworm and american bollworm, were 
brought to the laboratory, and placed in the vials, 
for the emergence of parasitoid-adults. The 
adults, thus, collected were used for the mass-
rearing experiments. 

(ii) Galleria mellonella (Host) 

The adults of Galleria mellonella, were collected 
from the apiaries. The infested hives, in the 
apiaries, were examined for the collection of 
adults as well as for the larvae. The insects, thus, 
collected were brought to the laboratory and 
used for mass-rearing. 
 
Rearing of Insects 
 
(i) Bracon hebetor (Say.) (Larval parasitoid) 

The adults of B. hebetor, were reared on a large 
scale, by using the larvae of the greater wax 
moth, Galleria mellonella (L.), as a host, at 25 ± 
1 °C, 65 ± 5% R.H and 16:8 LDHS. A number 
of 2 to 3 larvae, of the 3rd or 4th instars, of G. 
mellonella, were placed in the glass-vial, with a 
fertilized female of the parasitoid, B. hebetor 
(Say.). The female, was provided with a cotton 
swab, soaked in 20 % honey-solution, for 
feeding the parasitoid. After 24 hours, the 
females were shifted to the other vials, with a lot 
of the newly emerged larvae of the host, G. 
mellonella and honey-soaked, cotton-swab. This 
process was continued up to the end of female 
parasitoid’s life. The parasitized larvae of the 
host, G. mellonella, were incubated, under the 
optimum conditions of 25 ± 1 °C of temperature 
and 65 ± 10 % of the relative humidity. 

(ii) Galleria mellonella (L.), (host) 

The adults were released in plastic jars (dia, 5 
cm and depth 30 cm) for mating and egg 
collection and provided with the artificial 
diet/folded card sheets, for feeding as well as for 
egg-laying. The larvae of G. mellonella, 
collected from the field as well as those hatched 
from the eggs, laid by the adults, on folded 
sheets, were reared on a semi-natural diet, 
comprising: 600 g of crushed-wheat grains, 150 
g of the Honeybee-wax, 150 g of the yeast, and 
100 ml of the plain/commercial glycerin. These 

jars, were incubated in the growth chamber, at 
an optimum condition of 30 ± 1 °C, 75 ± 5 % 
R.H and 24 hours of DLHS [10]. The larvae, 
thus, reared were used for the mass-rearing of B. 
hebetor. 
 

RESULTS AND DISCUSSION 
 
Storage of  Bracon hebetor, Late-age Pupae, 
at Various Temperatures and for Different 
Periods 

To evaluate the parasitic activity of the 
parasitoid, Bracon hebetor, under low 
temperature, 3 to 4 day old pupae, were isolated 
from the laboratory culture, and distributed in 
the glass jars (dia, 3cm and depth 10 cm), 
sterilized with dry temperature, by using an 
electric oven run at 100°C, for 4 hours. Each jar 
had 50 pupae, which were stored, at 5, 10, 15 
and 20°C for 1, 2, 3 and 4 weeks, respectively, 
using four replicates for each treatment. 

The results, showed that the number of adults 
(females and males), emerged from the stored 
pupae, decreased as the stored periods increased, 
within the same temperature, and this also 
reflected upon the emergence percentage which 
ranged from 94 to 68% on 5°C for the periods of 
14 to 4 week, respectively, 94 to 72% on 10°C 
and 90 to 86% on 15°C for the first and second 
weeks, respectively. The percentage of adult 
emergence reached 96% for the first week, on 
20°C. Those results were supported by the 
studies of Farghaly and Ragab [11] as well as by 
those of Shawkit et al. [12], who emphasized 
that the percentage of the adults-emerged, from 
the stored pupae of this parasitoid, at the low 
temperature decreased as the storage period 
increased, within the same temperature. Data 
about the sex-ratio, revealed that the percentage 
of the males emerged, was always more than that 
of the females. These results were supported by 
Al-Ramahi and Ali [13], which indicated that the 
sex ratio of B. hebetor was 1:1.3 (F:M) as well 
as by Ahmed et al. [14], who pointed out that the 
sex ratio was 1:3.98 (F, M). This, was explained, 
by them, to be due to the differences in 
temperature and host-density; while, it was 
thought by Benson [15] to be due to the death 
factor, as the Male eggs, will hatch before the 
female eggs and due to this, the males larvae 
will have a better survival due to the better 
availability of food, around. 

The results of the study, in this case, 
however, differ from those of Reinert and King 
[16], who reported that the sex ratio of B. 
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hebefor was 2:1 (female, male). Data about the 
adult longevity, showed that the longevity of 
females and males decreased as the stored 
periods, of the pupae increased, at the same 
temperature, and within all the temperatures. 
These results were supported by the studies of 
Farghaly and Ragab [11] and Shawkit et al. [12], 
who stored the pupae of B. hebetor, for 10, 15 
and 30 days, respectively. These results also 
showed, that the number of the larvae, which 
developed from the eggs laid by the females, 
decreased as the storage-periods and the 
temperature of the pupae, increased. These 
results were supported by the studies of Farghaly 
and Ragab [11], who reported that, the number 
of the larvae were reduced to 43.03 larvae after 4 
week, at 5°C from 66.3 at 10°C, and to 52.61 

larva, at 15°C, after the same period. Finally, 
Table 1 showed that there existed a negative 
relationship between the number of the 
parasitized larvae by the females, which 
developed from the stored pupae, at various 
temperatures and for different storage periods. 
The results, in this case, were supported by those 
of Shawkit et al. [12], who reported that, the 
females which developed from the stored-pupae 
at 15°C, for 2 weeks, can parasitize 48.16 larvae. 
These conclusions were further supported by 
Farghaly and Ragab [11], who indicated that the 
number of parasitized larvae per-female -
developed from stored pupae, at 5°C, for 4 
weeks - were 20.03, 22.01 and 47.86 larvae per-
female-developed from pupae, stored at 10 and 
15°C, for 4 weeks, respectively. 

 
Table 1. The adult emergence, etc. of B. hebetor (Say), from its late pupal-stage, at different storage 
periods and temperatures. 
 

Temp. 
(ºC) 

Storage 
Period 
(weeks) 

No. of 
storage
pupa 

No. of 
adults 

emerged 

 
Sex ratio Longevity of adults 

(days) 

No. of 
larvae 

developed/ 
female 

No. of larvae 
parasitized/ 

female F M %  F M F M 
             

5 1 50 19 28 94 
 

40.42 59.57
17-28 

23.94a*±2.71

12-18 

13.36b±2.01 

39-109 

76.94a±7.82 

25-60 

43.05d±5.24 

 2 50 20 25 90 
 

42.22 55.77
12-17 

14.31c±2.09 

6-8 

6.76d±1.05 

32-102 

68.57c±9.86 

25-52 

36.07ef±6.23 

 3 50 17 21 76 
 

44.73 55.26
6-9 

7.29d±2.11 

4-7 

5.0e±1.00 

35-107 

64.58d±8.75 

20-39 

27.05g±3.99 

 4 50 16 18 68 
 

47.05 52.94
3-6 

6.81d±0.01 

2-4 

2.88f±1.01 

23-77 

47.25g±5.25 

12-25 

19.06h±1.09 

10 1 50 18 29 94 
 

38.29 61.70
16-27 

23.22a±5.25 

13-19 

15.86a±2.06 

33-103 

72.5b±9.99 

31-103 

62.66b±8.15 

 2 50 19 24 86 
 

44.18 55.81
13-20 

16.05±4.09 

13-20 

14.29ab±2.01

32-107 

69.73c±9.45 

22-52 

32.94f±2.13 

 3 50 16 23 78 
 

41.02 58.97
7-12 

9.06±2.13 

6-8 

6.88d±1.09 

35-93 

59.93e±8.76 

17-35 

27.06g±2.19 

 4 50 14 22 72 
 

38.88 61.11
6-8 

5.00b±3.19 

6-88 

4.86e±.76 

32-74 

53.07f±9.82 

13-27 

21.09h±1.99 

15 1 50 19 28 90 
 

39.13 60.86
19-25 

21.05ab±7.1 

9-20 

13.32b±1.07 

37-92 

65.38d±4.79 

32-102 

66.77ab±9.85 

 2 50 17 26 86 
 

44.18 55.81
14-20 

14.57c±2.09 

6-16 

10.70c±0.81 

38-83 

54.63f±5.62 

37-73 

48.68cd±7.52 

20 1 50 21 27 93 
 

43.75 56.25
17-27 

21.14ab±2.0 

13-18 

14.40ab±3.15

32-83 

61.80e±9.12 

43-92 

70.71a±7.73 

*Means in a column not sharing a common letter are statistically different (P<0.05) 
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Reproductive and post-reproductive life of 
the Bracon hebetor (Say) 

Reproductive and post-reproductive life of the 
female of the parasitoid, Bracon hebetor (Say) 
was also studied. 30 repeats of female, were 
tested in this experiment, to evaluate some of the 
life-span parameters. In this study, the 
reproductive and post-reproductive life of the 
parasitoid females, when they completed their 
egg-layings and started parasitizing the larvae of 
the host, upon the end moment of her life, were 
evaluated. 

The results showed that the longevity of 
females ranged from 17 to 32 days with an 
average of 23.17 ± 3.80 days (Table 2). This was 
supported by the studies of Farghaly and Ragab 
[11], who found that the longevity of the female 
of B. hebetor was extended upto 30 days, when 
they were fed on 20% honey; solution and the 
number of the eggs laid, per female, ranged from 
43 to 160, during the reproductive-life (R.L.). 
They also found that the number of parasitized 
larvae per-female, was 75.09 ± 1.93. The current 
study showed that the duration of egg laying per-
female, ranged from 13 to 25 days, with an 
average of 17.96 ± 3.76 days. These results were 
supported by the studies of Clark [17], who 

reported that the females continued laying eggs 
on the host, during its RL, which was extended 
upto 27.8 ± 1.3 days; while, they differed from 
the findings of Hagstrum and Smittle [18], who 
reported that the female of B. hebetor did 
parasitize the host-larvae, during RL but did not 
oviposit. These results, also showed that the 
number of parasitized larvae per-female was 
26.3 ± 2.87 and that the post-reproductive life 
PRL extended upto 5.13 ± 5.70 days. These 
results, were supported by the studies of Jervis et 
al. [19], who reported that the females can live 
only for few days, after the completion of egg-
laying and that they continued paralyzing the 
host-larvae. He further explained, that, during 
PRL, females presumably maintain themselves 
by host-feeding and that had no quantitative 
data, on the frequency of host-feeding by 
females, during PRL. Thus, it is reasonable to 
assume that the observed increase in PRL, with 
host density, was due to the females, obtaining 
more energy by taking more frequent blood- 
meals from the greater number of hosts. He also 
mentioned that the PRL in B. hebetor, can 
occurre even at the lowest level of host-
availability [20] 

 
 
Table 2. The reproductive and post-reproductive life of B. hebetor (Say), at different biological 
parameters, under laboratory condition (29±1 °C, 65±5% R.H., 16-18 (L.D). 
 

Biological parameter 
 

Reproductive life/ 
female (RL) 

 
Post-reproductive life/ 

female (PRL) 
 Range Mean ± SD  Range Mean ± SD 

Longevity of female per day  17-32 23.17±3.80  17-32 23.17±3.80 
No. of eggs laying/female  37-153 81.63±28.29  0-0 0.00±0.00 
No. of larvae parasitized /female  25-109 73.37±3.38  12-52 26.3±2.87 
Eggs laying duration per day  13-25 17.96±3.76  - - 
Post-reproductive duration  - -  2-7 5.13±5.70 
 
Influence of Two Type of Diets on the 
Fecundity of B. hebetor 

To improve the colony of the parasitoid, B. 
hebetor (Say), for the mass rearing, two types of 
diets of 20% honey and 10% sugar, were tested, 
in order to evaluate their impact on the fecundity 
of the females, and to choose the best out of 
them, for the mass rearing of the parasitoid, 
under laboratory conditions, maintained at 29 ± 
1°C and 65 ± 5% RH, with 16.8 LD hours. 

The impact on some biological parameters of 
B. hebetor, feeding on two types of diets (Honey 
solution 20% and Sugar solution 20%), at 29 ± 
1°C and 25 ± 1°C, is reported in Table 3. The 
results were revealed that the level of all the 

biological parameters, which were studied in this 
experiment, increased by feeding the adults 
(females) on 20% honey solution, at 29 ± 1°C, 
or, in other words, there was a positive 
correlation between the use of 20% honey 
solution at 29 ± 1°C and change in the studied 
biological parameters. These results were 
supported by the studies of Radhika and Chitra 
[8], who reported that using the honey solution 
for feeding the females of B. hebetor, caused, an 
increase not only in the number of eggs laid but 
also in the larvae, as well as the pupae and adults 
numbers developed vis-a-vis increasing the 
longevity of the adults over two generations. 
Clark [17] also indicated that the longevity of 
the adults was extended upto 27.8 ± 1.3 days,  
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Table 3. biological parameters of the parasitoid, Bracon hebetor (Say) (females), fed on the honey 
and sugar solutions, at various incubation conditions. 
 

 

Type of 
diet with 

incubation 
condition 

No.  
of  

eggs/ 
Female 

Eggs 
incubation 

No. of  
larvae 

developed/ 
female 

Larval 
duration 

No. of  
pupae  

developed/ 
female 

Pupal 
duration 

No. of  
adults  

developed/ 
female 

Sex ratio 
Longevity 
of adults 

No. of  
larvae 

parasitized/ 
female 

(Day ) (Day) (Day) F M F M F M 
Honey 

solution 
20% 

29±1ºC 

Range 37-162 2-3 32-157 2-4 28-142 3-5 11-64 17-78 1: 1.4 19-30 13-20 27-100 

Average 84.10a 2.1a 78.3a 30.06b 69.57a 4.10b 29.03a 42.00a 40.54b 59.46a 25.30a 17.40a 73.63a 

               

Honey 
solution 

20% 
25±1ºC 

Range 45-104 2-3 39-97 3-5 33-87 5-7 14-36 18-51 1: 1.32 19-28 10-20 27-102 

Average 75.2a 2.13a 68.2a 4.1a 59.23b 6.00a 25.30a 33.93b 42.61b 57.39a 25.37a 13.3b 69.63a 

               

Sugar 
solution 

20% 
29±1ºC 

Range 25-85 2-3 20-78 2-4 18-72 3-5 6-43 11-43 1: 1.41 14.22 7.12 33.97 

Average 56.96b 2.03a 48.73b 3.1b 41.66c 3..93b 17.30b 24.36 c 41.38b 58.63a 16.27b 9.16c 62.80a 

               

Sugar 
solution 

20% 
25±1ºC 

Range 27-87 2-3 17-72 3-5 16-72 5-7 11-35 9-45 1: 1.39 12-19 5-12 26-82 

Average 53.76b 2. 23a 47.8b 3.96a 38.1c 5.90a 18.00b 21.1c 45.85a 85.14b 13.90c 7.3 d 40.80b 

 

*Mean in a column not sharing a common letter are statistically different (P<0.05) 
 
when the insects were fed on honey solution. 
Benson [15] reported that the longevity of the 
adults of B. hebetor, was also, in the same way, 
extended for 3 weeks. The results were also 
supported by the studies of Ode et al. [5] who 
indicated that the adults of B. hebetor, lived longer, 
when fed on honey solution and the females had a 
higher daily and life time fecundities alongwith the 
males, which copulated with more females; while, 
Ide and Lanfranco [21] showed that the adults of 
larval parasitoid, Orgilus obscurator Ness 
(Hymenoptera: Braconidae), when fed on honey-
solution, increased the longevity of the adults upto 
23 and 33 days, for the males and females, 
respectively. This ultimately increased all the 
biological parameters of the parasitoid. Finally, the 
current study differed with the results, reported by 
Doten [22], who mentioned that the life span of B. 
hebetor was extended for few months, when it was 
fed on sugar-solution. In the light of above 
experiments, it can be concluded that the storage of 
the parasitoid in the form pupae is very important 
for its timely releases. The parasitoid pupae can be 
stored at 5°C for a period of almost 4 weeks. 
Similarly the reproductive and post-reproductive 
life span of the female especially is very important 
for the laboratory rearing of the parasitoid. The 
most suitable temperature found for the rearing of 
the parasitoid ranges from 25-30°C. 
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Abstract: Two types of brinjal samples (e.g.  untreated and treated ) were collected from Chuadanga 
district of Bangladesh for the purpose of pesticide residue analysis. A dose of 2.5g/L of cartap a.i. 
pesticide was sprayed at the time of cultivation in the field. High performance liquid chromatography 
(HPLC) was used to determine residue in the samples. The range of concentrations of cartap in treated 
samples, (T-1, T-2, T-3, T-4 and T-5) was from 0.954 to 3.300 ppm where cartap levels were found 
above the Maximum Residue Limit for crops 0.5 ppm recommended by FAO/WHO. The study reveals 
that use of pesticide to minimize vegetable infestation is increasing and this trend would be detrimental 
to mankind as well as environment. The regular monitoring of pesticide residue may be made and 
develop awareness among people and responsible authorities. In addition, future investigations to study 
the effect of pesticides on nutritional values of fruits and vegetables would be worthy.  
 
Keywords: Cartap, brinjal, pesticide residue, HPLC 

 
1.  INTRODUCTION 
  
Bangladesh is an agricultural country with an 
area of 1, 47,570 sq. km. Agriculture plays an 
important role in the lives of Bangladeshi 
people. The major crops grown are rice, wheat, 
jute, potato, sugarcane, vegetables and tea. [1]. 
Vegetables are the fresh and edible portion of 
the herbaceous plants. They are important food 
and highly beneficial for health. They contain 
valuable food ingredients, which can be 
successfully utilized to build up and repair the 
body [2]. Brinjal (Solanum melongena L.), an 
important vegetable, is available year-round, 
with the peak season during the months of 
August and September. Brinjal is used as 
experimental sample in the present research 
work, a popular and extensively cultivated 
vegetable in Bangladesh and has a serious insect 
pest problem in the field. The main pests that 
attack plants are Brinjal fruit borer, Stem borer, 
Spider mite,  

Aphid, Jassid, Whitefly and Roots-cutworm. 
[3]. Hence, in order to combat the insect pest 
problem, lot of pesticides is used by the 

vegetable growers. For better yield and quality, 
insecticides are repeatedly applied during the 
entire period of growth and sometimes even at 
the fruiting stage. It accounts for 13-14 percent 
of total pesticides consumption, as against 2.6 
percent of cropped area [4]. Indiscriminate use 
of pesticides particularly at fruiting stage and 
non adoption of safe waiting period leads to 
accumulation of pesticide residues in vegetables. 
Contamination of vegetables with pesticide 
residues has been reported by several researchers 
[5-7]. Dittus, et al. (1993) stated that various 
statistics regarding pesticide residue in 
vegetables has grown an increasing fear about 
health hazards. Multiple regression analysis 
indicated that 41% of residue reducing behavior 
and 44% of health concerns about pesticides 
were explained. Individuals with health concerns 
had high scores for residue reducing behavior, 
environmental concerns and perceived 
susceptibility to cancer [8]. 

Very few studies in this area have been 
performed in Bangladesh but no specific record 
has been noticed. Therefore, the present study 
has been undertaken to analyze the concentration 

−−−−−−−−−−−−−−−−−−−−−− 
Received January 2011, Accepted June 2011 
*Corresponding Author: Md. A. Z. Chowdhury; Email: alamgirzaman@yahoo.com 



90 Mohammad M. Alam et al 
 

 

of cartap residue present in brinjal with 
compared to maximum residue limit (MRL) by 
FAO/WHO and to create awareness of pesticide 
residue infestation in future. 
 

2.  MATERIALS AND METHODS 
 
2.1. Chemical/Reagents  

Cartap standard was purchased were purchased 
from Dr. Ehrenstorfer GmbH, D-86199 
Augsburg, Germany.Organic solvents (hexane, 
dichloromethane, acetone, diethyl ether and 
ethyl acetate) of analytical grade, Anhydrous 
sodium sulfate (Na

2
SO

4
), Aluminum oxide 

(Al
2
O

3
), Nitric acid (HNO

3
), Silver nitrate 

(AgNO
3
), Florisil (60-100 mesh size) and Silica 

gel were purchased from local market. 
 
2.2. Sample Collection and Storage 

The brinjal (Solanum melogena) used in this 
study was procured from local area of 
Chudanga, a district of western region of 
Bangladesh.  Both samples of brinjal plant was 
grown and collected from the same soil and 
environment but treated samples were grown 
using cartap pesticide sprayed at the selected 
interval and dose of 2.5g/L. Samples were 
collected in airtight polythene bag with tagging 
each sample and were brought to the Laboratory 
named Agrochemical and Environmental 
Research Division (AERD) at Institute of Food 
and Radiation Biology (IFRB), Atomic Energy 
Research Establishment (AERE) as early as 
possible and stored at -20 oC [9-10] . 
 
2.3. Extraction 

Fifty gram of each sample was sliced on 
chopping board. The sliced samples were taken 
into a 250 ml conical flask and added 125 ml 
double distilled hexane. The mixture was shaken 
with orbital shaker at 200 rpm for 1 hour. The 
extract was evaporated to 1 to 2 ml with rotary 
vacuum evaporator at 40°C. 
 
2.4. Clean up 

Florisil column chromatography was used to 
clean up the extract [11]. The florisil, synthetic 
magnesium silicate, (Mesh size 60-100) was 
activated at 200°C for 6 hours and deactivated 
with 2% distilled water. The top 1.5 cm of the 
florisil column was packed with anhydrous 
sodium sulphate. Elution was done with a 
solvent mixture of 2 % diethyl ether in hexane at 

5ml/min. The elute was concentrated in a rotary  
evaporator and transferred to a vial. Solvents 
were evaporated under nitrogen flow. The dried 
sample was re-dissolved in acetonitrile (1ml) for 
subsequent analysis by high performance liquid 
chromatography (HPLC) [12]. 
 
2.5. Analysis 

After cleaned up, the aliquots of the final volume 
were quantified by High Performance Liquid 
Chromatography (Shimadzu) LC-10 ADvp) 
equipped with a SPD-M 10 Avp, PDA detector; 
C18 Reverse Phase Alltech analytical column 
(250 x 4.6 mm). The cleaned-up vegetable 
extracts, prior to analyses by HPLC, were passed 
through 0.45 μm nylon (Altech Assoc) syringe 
filters. The details of High Performance Liquid 
Chromatographic analytical conditions are given 
in table 1. Tentative identification of the 
suspected pesticide was carried out in relation to 
the retention time of the pure analytical standard. 
Quantification was made with respect to peak 
area of freshly prepared standard curve of the 
relevant standard pesticide. 
 
Table 1. Operating conditions of high 
performance liquid chromatography.   
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− 
Apparatus  SHIMADZU, Japan 

Detector Photo Diode Array       
     Detector (PDA) 

Injector Manual by Micro-syringe 

Injection volume 20 µl 

Mobile phase 65% Acetonitrile in water 

Column C18 (Nova Pack) 

Oven temperature  300C 

Flow rate 1.0 ml/ min 

Absorbance 200-800 nm 
−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−− 
 
RESULTS AND DISCUSSION  
 
Pesticides are widely used for protection of  
crop, preservation of food, public health 
purposes, and to control the insect pest of plants. 
By nature pesticides are toxic material which 
acts on insect and pest. The indiscriminate and 
overuse of pesticides create many problems, 
such as, excessive residues on the fruits that 
affect the health  of the consumers and the 
environment, pesticide resistance, poisoning, 
hazard to non-target organism especially 
parasitoids and predators, rise in production cost 
etc. [13-14]. 
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Standard chromatogram for cartap analysis is 
given in figure. 1.  Tests result for sample T-2 is 
shown in the figure. 2., only cartap pesticide was 
detected in the investigation. The result of the 
pesticide residue analysis of brinjal samples is 
represented in table 2.  The peak area and height 
of the treated samples were observed but the 
control samples did not show any peak. The 
peak area of treated sample T-1 to T-5 was 
25772, 27870, 65247, 80328 and 89137 mm2 
respectively while the area of control C-1 to C-5 
was not recognized. The pesticide concentrations 
of samples T-1 to T-5 were 0.954, 1.032, 2.416, 
2.974, and 3.300 mg per kg (ppm) respectively.   

Bai et al. (2006) determined the concentrations 
of eight organophosphorous pesticides in 18 of 

200 samples. Five organophosphorous pesticides, 
including dichlorvos, dimethoate, parathion-
methyl, pirimiphos-methyl and parathion were 
found in concentrations ranging from 0.004 to 
0.257 mg/kg. Present study showed that residue of 
cartap was present in the treated samples. [15]. 
In our study the residue limit was 0.954 to 3.300 
mg per kilogram. It is seen from the standard 
chromatogram that cartap can be detected before 
retention time of 7.861 minutes. Comparing the 
test results with the standard chromatogram it was 
found that treated sample contained lowest 
concentration 0.954 mg /kg in sample No.T-1 and 
highest concentration 3.300 mg / kg in treated 
sample No. T-5. 

 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
 
 

Fig. 1. Standard chromatogram of cartap pesticide at 6 mg/kg. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Fig. 2. Chromatogram of treated brinjal sample no. 2 (T 2) showing presence of cartap 
pesticide. 
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Table 2. HPLC analysis report of brinjal sample and standard cartap pesticide. 
 

Sample Sample ID Ret. time  
(min) 

Peak area  
(mm2) 

Peak height  
(mm) 

Concentration  
(mg/ kg) 

Brinjal 

1T-1 7.744 25772 2979 0.954 

T-2 7.802 27870 2990 1.032 

T-3 7.787 65247 6910 2.416 

T-4 7.789 80328 7845 2.974 

T-5 7.85 89137 9758 3.300 
2C-1 0.00 0000 0000 0.00 

C-2 0.00 0000 0000 0.00 

C-3 0.00 0000 0000 0.00 

C-4 0.00 0000 0000 0.00 

C-5 

std. 6ppm 

0.00 

7.861 

0000 

162068 

0000 

14025 

0.00 

6.00 

1T Treated sample; 2Control sample 

 
Table 2. shows concentration of pesticide in 
parts per million of 10 brinjal samples as 5 
treated and 5 control samples. It also shows that 
the standard cartap pesticide’s concentration 
(ppm), retention time, peak area and height of 
peak for chromatogram. The retention time, peak 
area, and height was 7.861 minute, 162068 mm2 
and 14025 mm2 respectively of the standard 
cartap pesticide. The retention time of treated 
sample T-1, T-2, T-3, T-4 and T-5 was 7.744, 
7.802, 7.787, 7.789 and 7.85 minute respectively 
whereas the retention time of control sample C-
1, C-2, C-3, C-4 and C-5 was not shown. The 
residue limit was found to be 0.954 to 3.300 mg 
per kg of vegetable. Mousa et al. (2004) 
recorded the phorate pesticide residue on the egg 
plant fruits on 45, 46, 48, 52,and 59 days after 
soil application were 0.051,0.042, 0.031, 0.014 
and 0.008 ppm in case of the recommended dose 
(1.0 Kg a.i./ha) respectively[16]. Similar results 
were found of the captan residues in fruits in 
Canada [17]. Caboni et al. (2006) stated that the 
maximum limit of pesticides residue 
concentration in fruits and vegetable range from 
0.01 to 0.5 mg/kg. The results obtained ware 
compared with that of Caboni et al. (2006) in the 
range 0.954 to 3.300 mg /kg and  found 
exceeded the maximum residue limit for crops 
(0.5 mg / kg) recommended by FAO/WHO 
(1996) [18-19]. 
 

CONCLUSION 
 
The observed range of pesticide concentration 
was 0.954 to 3.300 mg per kg. All the samples 
were found exceeded the standard residue level. 

The food with such concentration of pesticide 
residue cause toxicity for human being and 
living organism. The most serious concern 
regarding the pesticide use is its hazardous 
effects on different components of the 
environment includes fish, birds, beneficial 
insects, wildlife, and human being. The pesticide 
residue cause disease and illness such as 
carcinogenesis, teratogenesis, mutagenesis, 
cancer, learning disabilities, enzyme inhibitor, 
reproductive toxicity, skin disease and various 
problems created of living being.   The findings 
of the present research suggest that a restricted 
and controlled use of such persistent pesticides is 
useful to decrease the contamination level in 
different food items. This study may be helpful 
for public awareness, a guideline to government 
for pest control management in case of fruit and 
vegetable production and maintenance of 
nutritional requirements of population. 
 

ACKNOWLEDGEMENTS 
 
The research was supported by Agrochemical 
and Environmental Research Division, Institute 
of Food and Radiation Biology, Atomic Energy 
Commission and Department of Applied 
Nutrition and Food technology, Islamic 
University, Bangladesh.  
 

REFERENCES 
 
1. S. Islam, N. Afrin, M.S. Hossain, N. Nahar, M. 

Mosihuzzaman & M.I.R. Mamun. Analysis of 
some pesticide residues in cauliflower by high 
performance liquid chromatography. American 



 Pesticide Residue (Cartap) in Brinjal 93 

Journal of Environmental Sciences, 5 (3) 325-
329 (2009). 

2. Kumari, Beena. Effects of household 
processing on reduction of pesticide residues 
in vegetables. ARPN Journal of Agricultural 
and Biological Science, 3 (4) 46-51 (2008). 

3. Iqbal, M.F., U. Maqbool, M.R. Asi
 

& S. 
Aslam. Determination of pesticide residues in 
brinjal fruit at supervised trial. J. Anim. Pl. 
Sci., 17 (1-2) 21-23 (2007). 

4. Sardana, H.R. Integrated pest management in 
vegetables. In: Training Manual-2, Training on 
IPM for Zonal Agricultural Research Stations, 
May 21-26, 2001, p. 105-118 (2001). 

5. Madan, V.K., B. Kumari, R.V. Singh, R. 
Kumar & T.S. Kathpal. Monitoring of 
pesticide from farmgate samples of vegetables 
in Haryana. Pestic. Res. J., 8(1) 56-60 (1996).  

6. Kumari, B., V.K. Madan, R. Kumar & T.S. 
Kathpal. Monitoring of seasonal vegetables for 
pesticide residues. Environment Monitoring 
and Assessment, 74  263-270 (2002). 

7. Kumari, B., R. Kumar, V.K. Madan, R. Singh, 
J. Singh & T.S. Kathpal. Magnitude of 
pesticidal contamination in winter vegetables 
from Hisar, Haryana. Environ Monit Assess., 
87  311-318 (2003). 

8. K.L. Dittus, V.N. Hillers & K.A. Beerman. 
Attitudes and behaviors about pesticide 
residues, susceptibility to cancer, and 
consumption of fruits and vegetables. Journal 
of Nutrition Education, 25(5) 245-250 (1993). 

9. M.A. Uddin, M.A.Z. Chowdhury & M.S. 
Rahman. Studies on DDT residue and its 
metabolites in dried fishes from different 
regions  of Bangladesh. Bangladesh Journal of 
Zoology, 35(1) 107-114 (2007). 

10. Chowdhury, M.A.Z., M.A. Uddin, M.A. 
Malek & M.A. Zaman. DDT residue and its 
metabolites in dried fishes of Dhaka city 

markets. Soil & Environment, 29(2) 117-121 
(2010). 

11. DFG Manual of Pesticide Residue Analysis, 
Organochlorine and Organophosphorous 
Pesticides, Method S-9. Pesticide 
Commission- VCH 1 297-307 (1987). 

12. Fardous, Z., M.N. Islam, S.M. Hoque, M.A.Z. 
Chowdhury & M.A. Rahman Determination of 
some selected pesticide residues in tomato 
from different locations of Bangladesh. Int. J. 
Sustain. Agril. Tech., 3(6) 4-7 (2007). 

13. Guan-Soon, L. Overview of Vegetable IPM in 
Asia. FAO Plant Proc. Bull. Indian Publ., 
23(3) 25-28 (1990). 

14. Phillips, J.R., J.P. Graves & R.G. Luttrell. 
Insecticide resistance management: Relation-
ship to integrated pest management. Pesticide 
Sci., 27 459-467 (1990). 

15. Bai, Y., L. Zhou, & J. Wang. Organo-
phosphorus pesticide residues in market foods 
in Shaanxi  area, China, SO: Food Chemistry, 
98  (2) (240-242 (2006). 

16.  Mousa, M., V.R. Sagar. V.T. Gajbhiye & R. 
Kumar. Pesticide persistence  in/on fresh and 
dehydrated brinjal. J. Food. Sci. Technol., 
41(4)429-431 (2004).  

17. Frank, R., H.E. Braun & B.D. Ripley. 
Residues of insecticides and fungicides in fruit 
produced in Ontario, Canada-1986 to 1988. 
Food Add. Contamm., 7 637-648 (1990). 

18. Caboni, P., G. Sarais, A. Angioni, V.L. Garau 
& P. Cabras. Fast and versatile multiresidue 
method for the analysis of botanical 
insecticides on fruits and vegetables by 
HPLC/DAD/MS. SO: Journal of Agricultural 
and Food Chemistry, 53 (22) 8644-8649 
(2006).  

19. FAO/WHO. Food Standards Program, 2nd 
Edn. Codex Alimentarius Commission, 1. 
(1996). 
 



94 Mohammad M. Alam et al 
 

 

 



Proceedings of the Pakistan Academy of Sciences 48 (2): 95–100, 2011         Pakistan Academy of Sciences 
Copyright © Pakistan Academy of Sciences 
ISSN: 0377 - 2969 

Original Article 

Preparation and Evaluation of Clotrimazole Matrix Type Patch: 
Effect of Olive Oil on Drug Penetration Across Rabbit Skin 

 
Asif Nawaz, Gul Majid Khan, Shefaat Ullah Shah*, Kifayat Ullah Shah,  

Asim-ur-Rehman and Abid Hussain 
Department of Pharmaceutics, Faculty of Pharmacy, Gomal University,  

Dera Ismail Khan, K.P.K., Pakistan 
 
 

Abstract: The present study was conducted to formulate and evaluate transdermal patch of 
Clotrimazole for local as well as systemic therapy of severe to moderate fungal infections. The 
penetration effect of naturally occurring oil [Olive oil] was investigated on the in vitro penetration 
enhancement of Clotrimazole across synthetic membrane as well as albino rabbit skin. Clotrimazole 
was evaluated for its particle size and particle size distribution analysis by using Particle size analyzer 
[Horiba LA 300]. Clotrimazole patches were formulated by solvent evaporation method for in vitro 
drug penetration studies. Olive oil was added to some selected formulations at different concentrations 
i.e. 0.5, 1, 1.5, 2, 2.5 and 3% to see their effect on drug release patterns.The formulated patches were 
evaluated for various physico-chemical parameters to check their suitability for topical application. 
Franz diffusion cell Apparatus [Perm Gear, USA] was used for in vitro drug release studies having 
phosphate buffer pH 7.4 as receptor solvent. 
 
Keywords: Clotrimazole; transdermal patch; Franz diffusion cell; olive oil. 
 

 
NTRODUCTION 
 
The transdermal drug delivery system is oftenly 
comprised of low bioavailability of the drug 
because of the barrier functions of the skin [1], 
but the drug release from this route is constant 
because of the avoidance of first-pass 
metabolism by the GIT. The amount of drug 
required for therapeutic effect in transdermal 
drug delivery systems as compared to oral routes 
is less bioavailable but the amount available is 
sufficient for therapeutic uses [2]. Transdermal 
drug delivery systems are used to treat several 
diseases but with limitations due to poor 
penetration through the skin. Topical 
formulations like creams, ointments,gels and 
patches can improve the delivery of certain 
drugs; this fact could be of great importance in 
succeeding the transdermal therapeutic 
approaches. The goal of improving the 
penetration of certain drugs via transdermal 
route can be achieved through penetration 
enhancers [3]. The poor absorption of the drug 
could be presumed by its physico-chemical 
properties but the drug’s penetration can be 
enhanced by the modification of medicinal 

chemists and nature of physiological barriers. To 
overcome the physiological barriers great 
investigative studies have been carried out by 
scientists so far and came to know that 
penetrative properties of drugs via transdermal 
route could be enhanced by using certain natural 
and synthetic compounds [2]. The use of certain 
systems that has greater chemical potential then 
that of corresponding saturated solutions is an 
alternative method and also that can promote the 
penetration of the drug from vehicle to the skin. 
Transdermal patches proved the efficacy of such 
studies. Drug loaded monolayer transdermal 
patch can be easily prepared by fast solvent 
evaporation [1]. 
 

MATERIAL AND METHODS 
 
Clotrimazole (Leads Pharma Islamabad, 
Pakistan), Carboxy polymethylene (Sigma 
Chemicals, USA), Triethanolamine, PVP K30 
(Merk, Germany), Ethyl cellulose, Polyethylene 
glycol 400, Potassium dihydrogen phosphate, 
Sodium hydroxide (Merk, Germany), Ethanol, 
Olive oil [Sigma Aldrich, Germany], Magnetic 
stirrer, pH meter, Weighing balance, UV-Visible 

−−−−−−−−−−−−−−−−−−− 
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Spectrophotometer (Shimadzu, Japan), Particle 
size analyzer (Horiba LA 300), Franz diffusion 
cell Apparatus (Perm Gear, USA). 

Preformulation Studies 

In preformulation studies of Clotrimazole, the 
particle size and particle size distribution was 
studied by a particle size analyzer (Horiba 
LA300). Freshly prepared distilled water was 
used as circulating solvent for Clotrimazole 
particle and particle size distribution analysis 
and was set at an ultrasonic circulation for 5 
min. For this purpose the refractive index used 
was 1.438-1.441.The data obtained was plotted 
using MS Excel Office. 

Standard Calibration Curve of Clotrimazole 

A standard calibration curve was constructed for 
Clotrimazole in order to obtain the linear 
equation which was further used to calculate the 
penetrated concentration of Clotrimazole across 
artificial/rabbit skin. For this purpose a stock 
solution was prepared by dissolving 20 mg of 
Clotrimazole in phosphate buffer pH 7.4. The 
prepared solution was kept in ultra sonifier until 
the complete dissolution of the drug. From this 
stock solution suitable dilutions were prepared at 
the rate 0.05 mg/mL, 0.025 mg/mL, 0.0125 
mg/mL and 0.0062 mg/mL. all the dilutions 
were analyzed by UV-Visible 
Spectrophotometer (UVIDEC-1601 Shimadzu, 
Japan) at 262 nm. The values of absorbance 
were recorded and a standard curve was 
constructed by plotting absorbance against 
concentration. From this curve a regression line 
equation was obtained in MS Excel format. 

Table 1. Concentration versus absorbance of 
clotrimazole in pH 7.4 phosphate buffer 

 
S.No Concentration Absorbance 

1 0.1 mg/mL 1.231 

2 0.05 mg/mL 0.596 

3 0.025 mg/mL 0.286 

4 0.0125 mg/mL 0.164 

5 0.0062 mg/mL 0.086 

 
 

 
 
Fig. 1. Standard calibration curve of Clotrimazole. 
 
Development of Clotrimazole Patch 

Clotrimazole patch was prepared in order to 
study the penetration of drug across 
synthetic/rabbit membrane and to see the effect 
of different concentrations of olive oil as 
penetration enhancer on the in vitro drug 
penetration into the systemic circulation. First 
step in the development of Clotrimazole patch 
was the development of a backing membrane or 
supporting membrane which act as a supporting 
layer for the drug matrix. For backing membrane 
4 gm PVA was dispensed in 100 mL of distilled 
water and was heated to a temperature of 80°C 
so as to evaporate 25% of the solution and the 
remaining 75% solution was stirred to dissolve 
any lump or particulate present in the solution. 
From this resultant solution, 15 mL was taken 
and poured into a petri dish with an area of 23 
cm2. The petri dish was covered with an inverted 
funnel and was dried in open air for 24 hrs and 
then was stored for further use. A drug matrix 
solution was prepared by taking a weighed 
amount of drug, polymers [Ethocel and Eudragit 
in 1:1 ratio], propylene glycol and different 
concentrations of enhancer and was dispensed in 
10 mL solution of ethanol: acetone [1:1 ratio] in 
a conical flask. The solution was shaken well 
until a homogeneous mixture was obtained. This 
mixture was poured into petri dish containing 
backing membrane and the solvent from the petri 
dish was evaporated in open air. Transdermal 
patch was collected from the petri dish after 
drying and was cut down into small pieces each 
having a diameter of 1.5 cm2. These developed 
patches were evaluated for physico-chemical 
parameters. 
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Table 3. Formulation of Clotrimazole transdermal Patch. 
 

S. No. Clotrimazole Eudragit Ethocel PG (30% of 
polymer) 

Olive oil 
(Enhancer) 

Ethanol + 
Acetone 

(1:1 ratio) 

1 20 mg 100 mg 100 mg 60 mg - QS to 10 mL 

2 20 mg 100 mg 100 mg 60 mg [0.5 %] 1 mL QS to 10 mL 

3 20 mg 100 mg 100 mg 60 mg [I %] 2 mL QS to 10 mL 

4 20 mg 100 mg 100 mg 60 mg [1.5%] 3 mL QS to 10 mL 

5 20 mg 100 mg 100 mg 60 mg [2%] 4 mL QS to 10 mL 

6 20 mg 100 mg 100 mg 60 mg [2.5%] 5 mL QS to 10 mL 

7 20 mg 100 mg 100 mg 60 mg [3%] 6 mL QS to 10 mL 

 
Physico-chemical Evaluation of Transdermal 
Patches 
 
Patch thickness 

Clotrimazole transdermal patches were 
evaluated for their thickness tests by using 
vernier caliper. The thickness was measured at 
three different places of the same patch [4]. 

Weight variation tests 

The synthesized patches were subjected to 
weight variation tests by individually weighing 
each patch. Weight variation tests were 
performed for each formulation [5]. 

Flexibility or Tensile strength determination 

The flexibility or tensile strength of the patches 
was determined by means of a pulley system. 
The patch was pulled in opposite direction with 
the help of two small catchers by gradually 
increasing the force until the patch was broken. 
The tensile strength was noted from the scale of 
pulley in kg/cm2 [5]. 

Folding endurance tests 

This test was performed for randomLy selected 
patches. The selected patch was repeatedly 
folded at the same place until it broke. The 
number of time taken by each patch until its 
breakage was noted as folding endurance [6]. 

Moisture loss tests 

The moisture loss test was performed for three 
patches. The patches were weighed accurately 
and were placed in desiccator along with 
calcium chloride for 24 hrs at constant 
temperature of 370C. After 24 hrs the patches 
were again weighed and the percent moisture 
loss was determined by subtracting the final 
weight from initial weight [5]. 

Drug content determination 

For drug content determination a piece of 1 cm2 
was cut from the patch and added to a beaker 
containing 100 mL phosphate buffer pH 7.4. It 
was then stirred for 4-5 hrs with the help of a 
magnetic stirrer. The solution was filtered 
through a membrane filter of pore size 0.45 µm 
and was analyzed for drug content at 262 nm 
detection wavelength [5]. 

Preparation of Rabbit Skin forex-vivo Studies 

Rabbit skin was used for ex-vivo studies of 
Clotrimazole patch. A healthy albino rabbit with 
no known skin diseases was selected. Anesthesia 
was given to rabbit and hairs from the dorsal 
region were shaved carefully. Rabbit was 
scarified and the shaved skin was excised by 
using special surgical blades. The subcutaneous 
fats from the epidermis was removed by scalpel 
and then the epidermis itself was removed by 
dipping in hot water of 60°C for a while and 
teasing the epidermis carefully from the dermis. 
The excised skin was washed with distilled 
water and was covered with aluminum foil to 
prevent it from any harm [7]. 

In vitro drug penetration studies protocolfor 
patch 

To study the in vitro drug release of 
Clotrimazole from transdermal patch, a modified 
Franz Cell apparatus (Perm Gear, USA) was 
fabricated [8]. In first step the artificial 
membrane/albino rabbit skin was fixed in 
between the two donor compartment and 
receptor compartment of Franz Cell apparatus. 
As a receptor solvent, phosphate buffer pH 7.4 
was used. Each receptor compartment was filled 
with 5 mL of the receptor solvent. The skin was 
cut into such piece that the diffusion area was 
1.5cm2.The transdermal patch was fixed on the 
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rabbit skin in such a way that the drug layer of 
the patch was facing to the epidermis of the 
rabbit skin and was then fixed in between the 
donor and receptor compartments of the Franz 
Cell apparatus. The temperature of receptor 
solvent was maintained at 37°C ± 1 °C with 
constant circulation of hot water. Samples of 
each 2 mL were withdrawn from the receptor 
compartments at specific time interval and were 
immediately replaced with fresh receptor solvent 
already maintained at the same temperature. The 
samples were filtered through a membrane filter 
[0.45µm]and were analyzed for the drug 
concentrations by using UV-Visible 
spectrophotometer at a detection wave length of 
262 nm [2]. 

In vitro drug release kinetics 

Kinetic model was applied to the in vitro release 
profiles of Curcumin patches in order to 
investigate the way of drug release mechanism. 
The in vitro drug release mechanism of 
Curcumin was determined by putting the in vitro 
releasevalues in Korsmeyer Pappas kinetic 
model. 

Mt / M∞ = K5tn 

Where Mt / M∞ is fractional drug release from 
formulation into the receptor solvent, K is drug 
delivery constant and [n] is diffusion coefficient. 
The value of (n) in equation indicates the release 
mechanism of particular drug in solvent. The 
value of [n] if equal to 0.5 indicates quasi-
Fickian diffusion mechanism, if (n>0.5) then 
anomalous or non-Fickian diffusion mechanism 
exists and if its value is (=1) then Zero order 
release mechanism exists. 
 

RESULTS AND DISCUSSION 
 
Prior to Clotrimazole patch preparation, the 
particle size and particle size determination of 
Clotrimazole was performed using Particle size 

analyzer (Horiba LA300). The particle size and 
particle size distribution is shown in the figure 2 
below. It could be seen from the figure that the 
maximum percentage i.e. 60 % was of the 
particles having a diameter of 21.305 µm and the 
minimum concentration was of the particles 
having a diameter of 0.256 µm. The median of 
the Clotrimazole particles was 18.15 µm. It 
could be observed that the particle size of 
Clotrimazole was too small and was a good 
candidate for transdermal drug delivery systems. 
 

 
 
Fig. 2. Particle size and particle size distribution of 
Clotrimazole. 
 
Clotrimazole Patch evaluation 
Clotrimazole transdermal matrix patches were 
prepared by solvent evaporation technique. 
Different formulations of Clotrimazole patch 
were prepared with/without penetration enhancer 
at different concentrations in order to optimize 
the drug release patters. A combination of two 
polymers (Ethocel and Eudragit) was used in the 
patch formulations to extend the release patterns 
of Clotrimazole across synthetic membrane as 
well as rabbit skin. The synthesized transdermal 
patches of Clotrimazole were transparent, 
smooth, uniform and flexible. The values of 
different parameters applied to transdermal 
patches could be seen in the table 4 below. All 
the values of different parameters suggest that 
the patches were suitable for topical application. 

 
Table 4. Results of physico-chemical parameters applied to Clotrimazole transdermal patch. 
 

S. No. Parameters 
Clotrimazole 

patch  
(Blank) 

Clotrimazole Patch with olive oil at different concentrations 

0.5% 1% 1.5% 2% 2.5% 3% 

1 Thickness (mm) 0.18 ± 0.01 0.17 ± 0.01 0.18 ± 0.01 0.17 ± 0.01 0.18 ± 0.01 0.19 ± 0.01 0.18 ± 0.01 

2 Weight ariation (mg) 0.361 ± 0.03 0.370 ± 0.07 0.363 ± 0.04 0.367 ± 0.05 0.369 ± 0.06 0.365 ± 0.05 0.366 ± 0.05 

3 Tensile strength 12.98 ± 0.02 13.10 ± 0.02 13.07 ± 0.02 13.77 ± 0.01 13.54 ± 0.02 12.41 ± 0.01 13.98 ± 0.02 

4 Folding endurance >140 >178 >148 >144 >150 >151 >167 

5 % Moisture loss 3.423 ± 0.033 3.591± 0.021 3.837 ± 0.052 3.697 ± 0.043 3.611 ± 0.049 3.430 ± 0.021 3.587 ± 0.037

6 % Drug content 99.1 98.5 98.8 99.2 98.7 98.2 98.4 
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In vitro drug release studies from patch 

To all Clotrimazole patch formulations, 
Korsmeyer Pappas equation was employed to 
find out the release mechanism of Clotrimazole 
from transdermal gels and patches into systemic 
circulation across synthetic membrane and 
albino rabbit skin. In Korsmeyer equation as 
mentioned above, the value of (n) represents the 
mechanism of drug release, therefore by fitting 
the in vitro penetration data in Korsmeyer 
equation the values of [n] were ranging between 
0.592 to 1.274 which indicates both non-Fickian 
(anomalous) and Zero order release mechanism 
(0.5<n>1). 

In vitro drug release studies were performed 
for different formulations of Clotrimazole patch 
by using Franz Cell diffusion apparatus. In vitro 
penetration of drug was studied for 24 hrs across 
synthetic membrane and rabbit skin. It could be 
seen from the Fig. 3 and 4 given below that the 
percent penetration value of Clotrimazole 
without penetration enhancer was much less as 
compared to the formulations having different 
ratios of penetration enhancer and as the ratio of 
enhancer was increased the drug release/ 
penetration profiles were enhanced significantly, 
so by increasing the concentration of olive oil as 
penetration enhancer the drug penetration was 
enhanced which could be clearly in the figure. It 
could also be observed that the percent 
cumulative penetration was more across rabbit 
skin than that across synthetic membrane i.e. 
92% drug was penetrated in 24 hrs across 
synthetic membrane while 97% dug was 
penetrated across rabbit skinin 24 hrs. It could be 
due to the reason that the rabbit skin is thinner 
than synthetic membrane which could effect the 
penetration of drug. It could also be due to the 
reason that rabbit skin has a large number of hair 
follicles which acts as a bearer to drug to 
penetrate into the systemic circulation [9]. 
 

 
 
Fig. 3. Release profiles of Clotrimazole from topical 
patch having different concentrations of enhancer 
across synthetic membrane. 

 
 
Fig. 4. Release profiles of Clotrimazole from topical 
patch having different concentrations of enhancer 
across albino rabbit membrane. 
 
The best formulation among all was 
Clotrimazole patch with 3% olive oil which gave 
the greatest penetration enhancement. 
 

CONCLUSION 
 
From the present study, it is concluded that 
Clotrimazole can be successfully formulated for 
topical delivery to treat topical as well as 
systemic fungal infections. The topical patch of 
Clotrimazole was soft and non-irritant to skin 
which suggests its suitability for safe topical 
treatment of fungal infections. Further more, 
olive oil was found to be an effective enhancer 
in transdermal drug delivery systems, its 
concentration up to 3% of the formulation was 
found to be the best one. 
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Abstract: Prescott et al. (Technometrics 78: 268-276, 1993) proposed D-optimal orthogonally blocked 
designs in two blocks for Scheffé’s quadratic mixture model with four components. Chan and Sandhu 
(J.Appl.Statist.26 (1):19-34, 1999) discussed the properties of D-, A- and E-optimal designs for 
Scheffe’s quadratic mixture model in three components. Prescott (Comm.Stat.Theory Methods, 
27(10):2259-2580, 1998) introduced nearly D-optimal orthogonally blocked designs for Scheffé’s 
quadratic mixture model in three and four components. In this paper, we propose nearly A- and E-
optimal orthogonally blocked designs in two blocks for Scheffé’s quadratic mixture model, in three 
components. The robustness of nearly optimal orthogonally blocked designs, with respect to D-, A- 
and E-optimality criteria, is checked. 
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1. INTRODUCTION 
 

In mixture experiments with q components the 
proportion of ingredients may be denoted by  
x1, x2, ...., xq where  ix  ≥ 0 for i = 1,2,…,q and  
x1 + x2 + .... xq = 1. The response depends only 
on the mixture and not on the total amount of 
mixture. The factor space is a (q-1) - 
dimensional regular simplex  Sq-1, 

Sq-1 = { x  : (x1, x2, ...., xq) | 
1

q

i
i

x
=
∑ = 1, xi ≥ 0 } 

Scheffé [1-2] introduced the model for mixture 
experiments. Scheffé’s quadratic mixture model 
for experiments with mixtures is given by: 

1 1

( )
q q

i i ij i j
i i j q

E Y x x xβ β
= ≤ < ≤

= +∑ ∑  

During practical situation we face some other 
sources of variations which are not part of the 
mixture but may affect the response. Such 
sources are tackled by making the orthogonal 
blocks of runs, which allow the mixture model 
parameters to be estimated independently from 
block effects. Orthogonal blocking conditions 
were derived by Nigam [3] and were further 
modified by John [4]. In terms of blocking 
variable zu the Scheffé’s quadratic mixture 
model is given by, 

1 1

q q

u i iu ij iu ju u u
i i j q

Y x x x z eβ β γ
= ≤ < ≤

= + + +∑ ∑             

u = 1,2,…,n 
 
where zu  = -1 for the blends in the first block and 
zu  =  +1 for the blends in second block. eu  is the 
error term which is assumed to be normal with 
zero mean and common variance σ 2 .In matrix 
form the model can be written as, 

E (y) = Xβ + γz  (1.1)  

where X is the ( 1) / 2n q q× +  matrix related to 
the mixture part, β  is the ( 1) / 2 1q q + ×  column 
vector of unknown parameters,  γ  is the block 
effect parameter,  y is  the 1n× column vector of 
observations and z is the  1n×  column vector 
corresponding to blocking variable zu. The two 
blocks of mixture blends will be orthogonal 
when the block effects do not affect the estimate 
of the coefficients in the mixture model. It will 
be true only when X′z = 0, that is the following 
conditions proposed by John [4] are satisfied. 

1 1
, 1, 2

w wn n

iu i iu ju ij
u u

x k x x k w
= =

= = ∀ =∑ ∑  (1.2) 

where ik  and ijk are constants,        
i < j,  i, j = 1,2,…,q, w shows the block number 
and wn be the number of blends in wth  block 
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such that 1 2n n n+ =  , the total number of 
blends in the mixture.  

Prescott et al. [5] proposed D-optimal designs 
for four components in orthogonal blocks. Chan 
and Sandhu [6] discussed the properties of D-, 
A- and E-optimal orthogonal designs in two 
blocks for Scheffe’s quadratic mixture model 
with three components. Their A- and E-optimal 
designs had six binary blends of the form (a, 1-a, 
0) with the optimal value a = 0.8167 and a = 
0.8454 respectively, and two centroids, one in 
each block as repeated blends. For practical 
investigation we modify the designs, discussed 
by Chan and Sandhu [6], so that some or all 
blends that we include contain a minimum 
proportion of each component and orthogonality 
holds in blocks. 
 

2. RE-PARAMETERIZATION OF THE 
CO-ORDINATE SYSTEM 

 
The co-ordinates of the points in the (q-1)-
dimensional simplex region are generally 
denoted by the symbols a,b,c,…. such that  
a + b + c +…. = 1. The Latin square based 
orthogonal block designs provide the algebraic 
expression for the information matrix X X′ in 
terms of the symbols a,b,c,…. . By using any 
optimal criteria, we can determine the optimal 
values of a,b,c,…. .  Prescott [7] discussed re-
parameterization of the co-ordinates for the 
simplification of problem and investigated the 
properties of alternative designs formed by 
shrinking the optimal designs in three and four 
components, towards the centroid. 

Consider a two-dimensional simplex formed 
by three components, given in Fig.1.Take any 
design point P(a, b, c) in the simplex such that a ≥ 
b ≥ c, O(1/3, 1/3, 1/3) is the centroid of the 
simplex, Q(f, 1-f, 0) is a point on the extension of 
the line OP to the edge of the simplex, shown in 
Fig.1.This figure is reproduced from Prescott [7]. 

 
Fig. 1.  Re-parameterization of the co-ordinates (a, 
b, c), with a ≥ b ≥ c, to (f, s). 

If P is located at the proportion s = QP/QO, 
along the line QO then, 
  a = (1-s)f + s /3 
  b = (1-s)(1-f) + s/3 
  c = s /3 
 
 So the point P is now in terms of f and s, 
where f identifies the point Q on the edge of the 
simplex and s is a shrinkage parameter that 
moves Q towards the centroid O. Therefore, by 
re-parameterization we examine the properties of 
optimal designs by shrinking it towards the 
centroid of the simplex. 
 

3. NEARLY OPTIMAL ORTHOGO-
NALLY BLOCKED DESIGNS FOR  
q = 3 

 
Consider Scheffé’s quadratic mixture model in 
three components. We require seven distinct 
runs to estimate parameters in equation (1.1). 
We use the designs with a single pair and two 
pairs of Latin squares. 
 
3.1. Designs Formed by using a Single Pair 

of Latin Square 

We use the design given in Table.1 which has a 
single Latin square and a common centroid in 
each block. The same design is proposed by 
John [4] for Scheffé’s quadratic mixture model 
in three components, Czitrom [8] for D-
optimality, Chan and Sandhu [6] for D-, A- and 
E-optimality in Scheffé’s quadratic mixture 
model in three components, and Prescott [7] for 
near optimality in Scheffé’s quadratic mixture 
model in three and four components. 
 
Table 1.  Latin Square orthogonal block design 
for q = 3. 
 

Block I  Block II 

Run  x1              x2        x3 
 Run  x1              x2        x3 

1 
2 
3 
4 

a           b         c 
b           c         a 
c           a         b 
1/3       1/3     1/3 

 5 
6 
7 
8 

a           c         b 
b           a         c 
c           b         a 
1/3       1/3     1/3 

 

With equal number of observations in each 
block of the design in Table.1, the orthogonality 
conditions given in (1.2) are satisfied, so this is 
an orthogonal block design in two blocks. 
Therefore it is unnecessary to consider the 
process variable z while optimizing the design. 
Only the matrix X X′ is considered where X is 
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the extended design matrix for Scheffé’s 
quadratic mixture model. 

 

1/ 3 1/ 3 1/ 3 1/ 9 1/ 9 1/ 9

1/ 3 1/ 3 1/ 3 1/ 9 1/ 9 1/ 9

a b c ab ac bc
b c a bc ab ac
c a b ac bc ab

X
a c b ac ab bc
b a c ab bc ac
c b a bc ac ab

⎛ ⎞
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟= ⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎜ ⎟⎜ ⎟
⎝ ⎠

 

 
Table 2.  Properties of nearly A-optimal designs 
with shrinkage parameter s applied to design in 
Table 1.    

s Opt f Min(T) To Efficiency
0 0.817 146.975 146.975 100 

0.05 0.817 180.818 146.975 81.28 

 0.1 0.817 224.995 146.975 65.32 

0.2 0.817 362.305 146.975 41.00 

 

For A-optimal design, we minimize T, 
where T = trace ( ) 1X X −′ , and for E-optimal 
design we maximize the minimum of the 
eigenvalues of X X′ . The trace of a matrix is the 
sum of its eigenvalues. The matrix X X′ of the 
design in Table.1, for Scheffe’s quadratic 
mixture model has six eigenvalues, as given by 
Chan and Sandhu [6]. All the eigenvalues are 
functions of components a, b, c and two 
eigenvalues 1 2,λ λ  are of multiplicity 2. Thus T 

= 1 1 1 1
1 2 3 42 2λ λ λ λ− − − −+ + + .The minimum 

value of T (146.97), for Scheffé’s quadratic 
model, is attained on the boundary of the 
simplex with a = 0.8167, b = 0.1833, c = 0, as 
given by Chan and Sandhu [6].The general 
design in Table.1 may be considered as 
shrinkage of the design with a = f, b = 1-f, c = 0 
by a factor s. So, for any fixed value s, T is 
minimized and is observed that T is a strictly 
increasing function of s as s → 1. Chan and 
Guan [9] gave a formula of finding the 
efficiency of A-optimal designs. 

A-efficiency = To / Min (T) × 100  

where To is the minimum T obtained by 
substituting optimal value of  f  in  original T 
obtained  from the design in Table 1. 

 

Table 3. Properties of nearly E-optimal designs 
with shrinkage parameter s applied to design in 
Table 1. 

s Opt f Absolute 
maximum 

Absolute 
maximum 
(original 
model) 

Efficiency

0 0.845 0.019 0.019 100 

0.05 0.845 0.016 0.019 81.24 

0.1 0.845 0.013 0.019 65.26 
0.2 0.845 0.008 0.019 41.00 

We see that, by shrinking A-optimal design 
towards the centroid, it becomes more efficient. 
For instance when s = 0.05, the optimal f is 
0.816 and the design has some loss in efficiency. 
But we get a least proportion of all available 
ingredients to form a mixture. 

 The six eigenvalues for the matrix X X′  are 
in the order λ1>λ3>λ4>λ2, with a ∈  [0, 1], as 
given by Chan and Sandhu [6]. The maximum of 
the minimum eigenvalue, that is of λ2 was 
0.01988 at a = 0.8454, b = 0.1546, c = 0.Again 
by re-parameterization of the co-ordinates (a, b, 
c) in terms of (f, s), we get the general form of 
the minimum eigenvalue, λ2 in this case. For the 
specific values of s, we get the maximum of λ2. 
The efficiency of E-optimal designs with the 
different values of s are obtained by, 

E-efficiency = Abs {Max (MinEigenvalue)}/ 
Abs {Max (MinEigenvalue)}o × 100 
 
3.2. Designs using Two Pairs of Squares for 

q = 3 
Prescott [7] used one extra Latin Square in each 
block for q = 3, to get more flexibility in the 
construction of nearly D-optimal designs. We 
use it to find nearly A- and E-optimal designs. 
The design with two Latin squares in each block, 
as given in Prescott [7], is given in Table.4. 

 
Table 4. Latin Square orthogonal block design 
with two squares in each block for q = 3. 
                                                     

 

Block I  Block II 
Run    x1            x2          x3  Run   x1             x2           x3 

1 a b c  8 a c b 
2 b c a  9 b a c 
3 c a b  10 c b a 
4 a' c' b'  11 a' b' c' 
5 b' a' c'  12 b' c' a' 
6 c' b' a'  13 c' a' b' 
7 1/3 1/3 1/3  14 1/3 1/3 1/3 
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3.2.1. Design formed by shrinking both pairs 
of Latin Square 

Consider the case when both pairs of Latin 
squares in Table.4 have same values i.e.  a′ = a, 
b′ = b, c′ = c and as a result we obtain a 
symmetric design. We shrink both pairs of Latin 
squares towards the centroid of the design. By 
re-parameterization of the coordinates, as it is 
done in section 3.1, nearly A-optimal designs are 
constructed. For s = 0, A-optimal design 
provides the minimum value of T (94.61) for 
Scheffe’s quadratic mixture model on the 
boundary of the simplex at a = f = 0.836, b = 1-f 
= 0.164, c = 0.  The efficiencies of other nearly 
A-optimal designs are given in Table.5.  

 

Table 5.  Properties of nearly A-optimal designs 
with shrinkage parameter s applied to design 
3.2.1. 
 

s Opt f Min(T) To Efficiency

0 0.836 94.611 94.611 100 

0.05 0.836 116.474 94.611 81.23 

0.1 0.836 145.034 94.611 65.23 

0.2 0.836 233.905 94.611 41.00 

 

E-optimal design, by shrinking both Latin 
Squares towards centroid provides the maximum 
of minimum eigenvalue value λ0 = λ2 = 0.028738 
at a = f = 0.878, b = 1-f = 0.122, c = 0. Again by 
re-parameterization, we get the general form of 
the minimum eigenvalue i.e. of λ2 in this case. 
Table.6 provides the maximum of the minimum 
eigenvalue for some specific values of s and the 
respective efficiencies of nearly E-optimal 
designs. 

 
Table 6. Properties of nearly E-optimal designs 
with shrinkage parameter s applied to design 
3.2.1. 
 

s Opt f Absolute 
maximum 

Absolute 
maximum 
(original 
model) 

Efficiency

0 0.878 0.029 0.029 100 

0.05 0.878 0.023 0.029 81.27 

0.1 0.878 0.019 0.029 65.31 

0.2 0.878 0.012 0.029 41.00 

3.2.2.  Design formed by shrinking one pair of 
Latin Squares 

Prescott [7] also proposed the construction of 
nearly D-optimal designs by shrinking only one 
Latin square in each block of the design listed in 
Table.4. We use it to construct nearly A- and E-
optimal designs. When only one Latin Square is 
shrunk towards the centroid of the design, other 
Latin square is left on the edges of simplex. For 
instance take blends 1, 2, 3, 8, 9, 10 as binary 
blends and shrink blends 4, 5, 6, 11, 12, 13 
towards the centroid of the design in 
Table.4.Thus a nearly optimal design here 
provides some binary blends and some three 
ingredient blends. The properties of proposed 
nearly A-optimal designs are given in Table 7.  

 
Table 7. Properties of nearly A-optimal designs 
with shrinkage parameter s applied to design 
3.2.2. 
 

s Opt f Min(T) To Efficiency

0 0.836 94.611 94.611 100 

0.05 0.836 103.534 94.611 91.38 

0.1 0.835 110.685 94.616 85.48 

0.2 0.831 118.532 94.711 79.90 

Next for the design 3.2.2 we compute a 
nearly E-optimal design.  The Table.8 below 
gives the properties of nearly E-optimal designs.  

 
Table 8.  Properties of nearly E-optimal designs 
with shrinkage parameter s applied to design 
3.2.2. 
 

s Opt f Absolute 
maximum 

Absolute 
maximum 
(original 
model) 

Efficiency

0 0.878 0.029 0.029 100 

0.05 0.878 0.026 0.029 91.00 

0.1 0.876 0.025 0.029 83.94 

0.2 0.868 0.024 0.032 74.00 

     
 
4. ROBUSTNESS WITH RESPECT TO D-, 

A- AND E-OPTIMALITY CRITERIA 
 
Chan and Sandhu [6] concluded that the design 
proposed by John [4], given in Table.1, is robust 
with respect to D-, A- and E-optimality criteria, 
in the sense that pΦ values do not change much 
when the component a varies from 0.15 and 
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0.19. The efficiency of the design is measured in 
terms of pΦ -optimality criteria, which changes 
as p changes. 

' 1/

1

) ( / )(
r

p p
k

k
p X rX λ−

=

=Φ ∑   

Here r shows the number of eigenvalues of the 
matrix X X′ and p > 0. 0p → + , p = 1 and 
p →∞  corresponds to the D-, A- and E-

optimality criteria. Here we extend the same 
work for checking the robustness with respect to 
nearly D-, A- and E-optimal designs.  

For this, first we use the nearly optimal 
orthogonally blocked design 3.1, with s = 0.05. 
It is nearly D-optimal for 0p → + , with the 
optimal f = 0.832 as given by Prescott [7]. 
Table.9 shows that for D-optimality, efficiency 
of the design i.e. pΦ  differs from the minimum 
value by about 5% or less when f ∈  [0.81, 0.85]. 
For A-optimality, with p = 1, values of 

pΦ differ from minimum by about 6% or less 
when f ∈  [0.81, 0.85].The difference increases 
as p increases. For E-optimality, with p →∞ , 
values of pΦ differ from the minimum by about 
29% or less when f ∈  [0.81, 0.85]. This shows 
that the nearly optimal design with s = 0.05 is 

robust with respect to D- A-, and E-optimality 
criteria because pΦ does not change as much 
when f ∈  [0.81, 0.85].Note from Table.9 that as 
p increases robustness decreases and still the 
robustness is in the acceptable range, when 
p →∞  and f ∈  [0.81, 0.85]. This decrease in 

robustness, as the optimality criterion changes, is 
due to the fact that D- and A-optimality criterion 
involve all eigenvalues whereas E-optimality 
criteria consider only one eigenvalue. 

For nearly optimal orthogonally blocked 
designs 3.2.1, with s = 0.05, values of pΦ  for 
D-optimality differ from the minimum value by 
about 30% or less when f ∈  [0.83 , 0.88].For A-
optimality with p = 1, values of pΦ differ from 
the minimum value by 13% or less when f ∈  
[0.83, 0.88]. For E-optimality, values of 

pΦ differ from the minimum value by 40% or 
less when f ∈  [0.83 , 0.88].The same results 
hold for nearly optimal orthogonally blocked 
designs 3.2.2, with s = 0.05. Hence the 
robustness, with respect to D-, A- and E-
optimality criteria, does not hold for the nearly 
optimal orthogonally blocked designs with two 
pairs of Latin squares in each block. This 
robustness is also checked for further values of s 
and the same results hold in each case.  

Table 9.  Values of pΦ  for different p and f with s = 0.05. 
 

p 
f 

                                      (f A =)                        (f D =)      (f E =) 
      0.800               0.810              0.817             0.824              0.832              0.845              0.850             0.860 

→ 0+ 74197.95 70943.65 69405.66 68460.14 68111.28 69431.75 70433.09 73946.54 

1 30.47 30.19 30.14 30.21 30.44 31.37 31.81 33.15 

2 44.39 43.33 42.88 42.64 42.73 43.85 44.51 46.64 

3 51.92 49.99 49.06 48.39 48.19 49.22 44.98 52.61 

4 57.08 54.36 52.96 51.82 51.31 52.15 52.98 55.99 

5 60.99 57.63 55.80 54.23 53.39 53.99 54.87 58.20 

6 64.07 60.21 58.04 56.07 54.91 55.25 56.18 59.79 

7 66.54 62.32 59.87 57.56 56.10 56.17 57.14 60.99 

8 68.54 64.06 61.40 58.81 57.07 56.87 57.88 61.94 

9 70.19 65.51 62.69 59.87 57.89 57.42 58.46 62.72 

10 71.56 66.74 63.80 60.80 58.61 57.86 58.94 63.37 

20 78.22 72.88 69.52 65.87 62.72 59.90 61.24 66.63 

→ ∞ 85.56 79.71 76.03 72.03 68.48 61.91 69.30 70.37 
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5. DISCUSSION 
 
In the proposed nearly optimal designs some or 
all blends have at least a minimum proportion of 
each ingredient available, with preserving 
orthogonality in blocks. Further it is observed 
that by shrinking only one of the Latin squares in 
each block towards the centroid, as in design 
3.2.2, the design points spread more and the 
design has higher efficiency as compared to 
design 3.2.1. It is also more efficient than the 
design 3.1with single Latin square in each block. 
For instance when s = 0.05, nearly A- and E-
optimal designs constructed from the design 
3.2.1 are not as efficient as those for design 
3.2.2. Their A- and E-efficiencies are 81.23%, 
81.27% respectively for the design 3.2.1, and 
91.38%, 91.0% respectively for the design 3.2.2.  

Therefore, nearly A- and E-optimal designs 
obtain through the design 3.2.2 are preferable to 
obtain through the design 3.2.1, for Scheffe’s 
quadratic mixture model. The same result holds 
for nearly D-optimal designs, as given by 
Prescott [7]. Further it is concluded that nearly 
D-, A- and E-optimal designs with single Latin 
square in each block are robust and this 
robustness does not hold when an extra Latin 
square is added in each block. 

Here below we provide the layouts of nearly 
A- and E-optimal designs obtain through the 
design 3.2.2. 

 
Table 10. Nearly A-optimal Orthogonal Block 
design with f = 0.836 and s = 0.05. 

 Block I Block II 

Run       x1              x2        x3 Run     x1                  x2             x3 
1 0.836 0.164 0 8 0.836 0 0.164 
2 0.164 0 0.836 9 0.164 0.836 0 
3 0 0.836 0.164 10 0 0.164 0.836 
4 0.811 0.017 0.172 11 0.811 0.172 0.017 
5 0.172 0.811 0.017 12 0.172 0.017 0.811 
6 0.017 0.172 0.811 13 0.017 0.811 0.172 
7 1/3 1/3 1/3 14 1/3 1/3 1/3 

 
Table 11.  Nearly E-optimal Orthogonal Block 
design with f = 0.878 and s = 0.05. 

Block I Block II 
Run       x1                x2          x3 Run       x1             x2          x3 

1 0.878 0.122 0 8 0.878 0 0.122 
2 0.122 0 0.878 9 0.122 0.878 0 
3 0 0.878 0.122 10 0 0.122 0.878 
4 0.851 0.017 0.132 11 0.851 0.132 0.017 
5 0.132 0.851 0.017 12 0.132 0.017 0.851 
6 0.017 0.132 0.851 13 0.017 0.851 0.132 
7 1/3 1/3 1/3 14 1/3 1/3 1/3 

 

The same idea can be extended for the 
designs based on q ≥ 4 components and for the 
designs consisting of three or more Latin 
Squares in each block. Results for the general 
case of q components is difficult to solve but 
will be very useful. 
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1. INTRODUCTION 
 

Rayleigh wave plays an important role in 
seismic phenomena. A Rayleigh wave is a 
surface wave in the sense that the amplitude is 
significant near the surface and decays 
exponentially as we go down the earth. Rayleigh 
discussed the theory of this wave in [1] and 
derived the following " Rayleigh Equation" 

,114)2( 2

2

2

2
2

2

2

LTT c
c

c
c

c
c

−−=−   (1) 

where ,Lc  Tc  respectively denote phase speeds 
of the longitudinal wave (or P wave) and the 
transverse wave (or S wave) in the medium. The 
phase speed c  of the Rayleigh wave is to be 
determined from Eq. (1). The equation possesses 
an unphysical root .0=c  Since LT cc <  , it is 
clear that, for a meaningful theory, a root of Eq. 
(1) must exist in the interval ).,0( Tc  Let =x  

,/ 22
Tcc  2)/( LT ccb =  and define 

.114)2(:)( 2 bxxxxf −−−−=   (2)  

To first order in ,0>ε  , ),1(2)( bf −−= εε  
which is negative since .10 << b  Also 

.1)1( =f  Hence )(xf  possesses a zero, say 1x , 
in the interval ).1,0( A physically important 
question arises whether this is the only real zero 
in this interval. In the classical text-books on the 
subject [2-6], this problem is treated in the 
following manner. 

By squaring both sides of (1), rearranging 
terms and canceling a factor 22 / Tcc  we get a 
cubic in ,/ 22

Tccx =   

.0)1(16)1624(8 23 =−−−+− bxbxx   (3) 

Let us define the left side of (3) as ).(xg  It is 
clear that any zero of f  other than ,0=x  will 
be a zero of g  but the converse may not be true. 
The discriminant of (3) is  

).116210764(256 23 −+− bbb   (4)  

Eq. (3) will have all three roots real if the 
discriminant (4) is non-negative. This happens if 

.3215.0≥b  Let 32 , xx  be the roots of (3) other 

than .1x  Since ,10 1 << x  it is clear that  

,87 32 <+< xx   (5)  

also ).1(1632 bxx −>  Theoretical bounds for 
b  are ,10 << b  however for all known 
materials .2/1<b  In this case we have  

.832 >xx   (6)  

From (5) and (6) it follows that each of 2x  
and 3x  is greater than 1 , hence 1x  is the only 
real root in ).1,0(  On the other hand if 

,3215.00 << b   32 , xx  will be a pair of 

complex conjugate roots, leaving 1x  as the only 
real root of the equation. 

−−−−−−−−−−−−−−−−−− 
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 The above proof has the drawback of not 
being valid for .12/1 <≤ b  Achenbach [7] 
dealt with this problem by defining a function 

)(sR  of a complex variable ,s   
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and considering zeros of the function by 
applying the argument principle. However 
Achenbach's proof is beyond comprehension of 
most undergraduate students. 

The quest for a formula for the Rayleigh wave 
speed continues in the modern times [8-11]. For 
example, Vinh and Ogden [10] have the question 
of uniqueness of the root of (3) in )1,0(  treated 
by considering zeros of  

).23(8163)( 2 bxxxg −+−=′   (8)  

If )(',6/1 xgb >  has two distinct zeros 
denoted by l  and m  such that 

 3/83/)23(8 >−= blm ,  

since .10 << b  Hence  

.1or  10 mlml <≤<<<   (9)  

Vinh and Ogden [10] concluded from (9) that 
uniqueness of solution of Eq. (3) in the 
interval )1,0(  is ensured. However it appears 
that the option ml <<< 10  does not justify 
this conclusion, because the curve =y )(xg  
may attain a local maximum at l  and still cross 
the −x  axis at a point before .1=x   

 In this article, we shall present a short and 
simple proof of the uniqueness of the real root of 
the Rayleigh equation which is valid for 

10 << b .  Basic idea of this proof may be 
stated in just one sentence, i.e., “Two real roots 
in )1,0(  imply all three roots in this interval, 
which is impossible.” 
 

2. UNIQUENESS OF REAL ROOT 
 
 Since 0)1(16)0( <−−= bg  and ,01)1( >=g  

it follows that g  has a real zero, ,1x  in ).1,0(  
Denote zeros of g  by 21, xx  and .3x  Assume 

that the first two zeros are real and both lie in 
).1,0(  Then the third zero will also be real. We 

will show that the assumption of two zeros being 
in the interval )1,0(  implies that the third zero 
will also be in the same interval. There are three 
possibilities. 

1. All zeros are distinct. Then 
.0)(,0)( 21 <+>+ xgxg  Since ,0)1( >g  

it follows there must be a zero of g  in 
).1,( 2x  This must be x 3 .   

2. One of 1x  ,  2x  is a simple zero while the 
other has multiplicity two. 

3. 1x  has multiplicity three. 

In each case, all three zeros lie in ),1,0(  
consequently 3321 <++ xxx  which is false 
because from (3) this sum must be .8  This 
contradiction proves that  1x  is the unique zero 

of g  in )1,0(  . Since f  has a zero in )1,0(  
which must be a zero of g  , because of the 
above uniqueness,  1x  must be the only zero of 
f  in )1,0(  . Hence Rayleigh equation has a 

unique root such that .0 Tcc <<   

Applying the above argument to a polynomial 
equation of degree ,3  we have the following 
 

Theorem. Let the equation 

,0,0,0 1032
2

1
3

0 ≠>=+++ aaazazaza  

be such that ,0)3/(()0( 01 <− aaff  then two 
roots of the equation, real or complex, lie in the 
half plane ),3(Re 0/1 aaz −≥  if 01 <a  or 

),3/(Re 01 aaz −≤  if .01 >a   
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1. INTRODUCTION 
 
Block cipher is an important branch of 
cryptography, and Substitution box is the 
essential constituent of many block ciphers, 
which is proficient to create confusion in the 
plaintext during the process of encryption. So, at 
some extent we can say that the strength of the 
block cipher mainly depends on S-box, that’s 
why many researchers have shown attention to 
improve the quality of S-box and develop some 
analysis to determine the confusion capability of 
S-box. There are many analysis existing in 
literature such as graphical and analytical strict 
avalanche criterion (SAC), bit independent 
criterion (BIC), differential approximation 
probability (DP), linear approximation 
probability (LP) and nonlinearity. 

In this letter, we will analyze S-box [1], 
presented by E. S. Abuelyman and A. A. S. 
Alsehibani, by some well known analysists 
which have discussed earlier. This analysis 
includes nonlinearity, BIC, SAC, LP, DP etc, 
these criterions are necessary for a good S-box. 
S-box [1], does not satisfied all criterions 
entirely but close to the optimal value. So we 
can use it in encryption for secure 
communication. 

This paper is structured as follows; section 2 
present analysis of S-box which includes 

nonlinearity analysis, bit independent criterion 
analysis, linear approximation probability 
analysis, differential approximation probability 
analysis, analytical strict avalanche criterion 
analysis, graphical strict avalanche analysis and 
section 3 presents conclusion. 
 

2. ANALYSES OF S-BOX  
 
In this section, we will present some useful 
analysis of S-box based on residue of prime 
number.  
  
2.1. Nonlinearity 

The nonlinearity of a Boolean function can be 
defined as the distance between the function and 
the set of all affine functions. In other words we 
can say that, Non-linearity is the number of bits 
which must be changed in the truth table of a 
Boolean function to reach the closest affine 
function. The upper bound of nonlinearity is: 
N(f)=2n-1-2n/2-1 [2], for S-box in GF(2n). As S-box 
in AES is in GF(28), the optimal value of N is 120. 
 
Table 1. The results of nonlinearity of S-box 
based on residue of prime number 
 

0 1 2 3 4 5 6 7 

94 100 104 104 102 100 98 94 

Maximum value=104; Minimum value=94; Average 
value=99.5 

−−−−−−−−−−−−−−−−−− 
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2.2. Bit Independent Criterion  
 
The output bits independence criterion (BIC) 
was also first introduced by Webster and 
Tavares [3] which is another desirable property 

for any cryptographic design. It means that all 
the avalanche variables should be pair-wise 
independent for a given set of avalanche vectors 
generated by the complementing of a single 
plaintext bit. 

 
Table 2. The Nonlinearity of BIC of S-box based on residue of prime number. 
 

---- 102 104 98 104 98 100 94 

102 ---- 104 98 106 100 100 98 

104 104 ---- 106 104 106 106 106 

98 98 106 ---- 106 100 102 102 

104 106 104 106 ---- 100 100 106 

98 100 106 100 100 ---- 94 100 

100 100 106 102 100 94 ---- 104 

94 98 106 102 106 100 104 ---- 

 
 
Table 3. The dependent matrix in BIC of S-box based on residue of prime number. 
 

--- 0.539 0.498 0.519 0.498 0.498 0.478 0.501 

0.539 ---- 0.521 0.531 0.470 0.490 0.486 0.531 

0.498 0.521 ---- 0.503 0.523 0.492 0.486 0.509 

0.519 0.531 0.503 ---- 0.494 0.500 0.490 0.496 

0.498 0.470 0.523 0.494 ---- 0.509 0.488 0.505 

0.498 0.490 0.492 0.500 0.509 ---- 0.533 0.476 

0.478 0.486 0.486 0.490 0.488 0.533 ---- 0.507 

0.501 0.531 0.509 0.496 0.505 0.476 0.507 ---- 
 

From Table 2 and 3 we can observe that S-box [1] satisfied bit independent criterion close to the best 
possible value. 

 
 2.3. Linear Approximation Probability  

The linear approximation probability is the 
maximum value of the imbalance of an event. 
The parity of the input bits selected by the mask 
Γx is equal to the parity of the output bits 
selected by the mask Γy. According to Matsui’s 
original definition [4], linear approximation 
probability (or probability of bias) of a given s-
box is defined as, 

 

2
1

2
})(/{#

max
0,

−
Γ•=Γ•

=
≠ΓΓ

n
yx

yxSxxxLP  

 
Where Γx and Γy are input and output masks, 
respectively; X is the set of all possible inputs; 
and 2n is the number of its elements. 

We have calculated the linear approximation 
probability of S-box [1]. The maximum value of 
LP is 0.1328.  
 
2.4. Differential Approximation Probability  

The nonlinear transformation S-box should 
ideally have differential uniformity. An input 
differential ixΔ  should uniquely map to an 
output differential yi, thereby ensuring a uniform 
mapping probability for each i. The differential 
approximation probability of a given S-box (i.e., 
DPs) is a measure for differential uniformity and 
is defined as 

⎥⎦
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Table 4. The differential approximation probability of S-box based on residue of prime number. 
 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 

0.031 0.023 0.023 0.031 0.023 0.031 0.023 0.039 0.031 0.031 0.031 0.031 0.023 0.031 0.023 0.039 

0.023 0.023 0.023 0.031 0.023 0.039 0.023 0.039 0.031 0.031 0.031 0.031 0.031 0.031 0.023 0.039 

0.031 0.023 0.023 0.031 0.047 0.023 0.023 0.039 0.039 0.031 0.031 0.031 0.031 0.031 0.023 0.039 

0.047 0.031 0.023 0.039 0.023 0.023 0.023 0.031 0.039 0.031 0.023 0.031 0.031 0.031 0.023 0.039 

0.031 0.031 0.031 0.031 0.023 0.016 0.023 0.031 0.031 0.023 0.031 0.023 0.031 0.023 0.023 0.031 

0.047 0.023 0.031 0.031 0.031 0.023 0.039 0.031 0.031 0.031 0.023 0.023 0.023 0.031 0.031 0.031 

0.039 0.031 0.023 0.031 0.031 0.031 0.023 0.039 0.047 0.031 0.031 0.039 0.031 0.031 0.016 0.031 

0.031 0.023 0.023 0.023 0.031 0.023 0.023 0.023 0.031 0.023 0.023 0.047 0.023 0.031 0.023 0.031 

0.039 0.031 0.023 0.031 0.023 0.031 0.039 0.031 0.023 0.023 0.031 0.039 0.047 0.023 0.023 0.031 

0.047 0.023 0.023 0.031 0.023 0.031 0.031 0.023 0.023 0.031 0.023 0.031 0.031 0.023 0.023 0.031 

0.031 0.031 0.031 0.031 0.031 0.023 0.039 0.031 0.031 0.031 0.023 0.047 0.031 0.031 0.031 0.031 

0.031 0.031 0.031 0.039 0.023 0.031 0.023 0.039 0.047 0.023 0.023 0.031 0.031 0.023 0.023 0.023 

0.031 0.031 0.023 0.031 0.031 0.023 0.023 0.031 0.039 0.023 0.023 0.039 0.031 0.023 0.023 0.031 

0.031 0.031 0.023 0.031 0.031 0.023 0.023 0.047 0.031 0.023 0.031 0.023 0.031 0.023 0.023 0.031 

0.039 0.023 0.023 0.031 0.031 0.031 0.023 0.031 0.039 0.023 0.023 0.023 0.039 0.031 0.031 0.023 

0.047 0.031 0.031 0.023 0.031 0.031 0.023 0.031 0.125 0.023 0.023 0.023 0.281 0.023 0.031 ------ 

The maximum value of differential approximation probability for S-box [1] is also 0.2812 (see Table-4). 
 
 
2.5. Strict Avalanche Criterion Analytically  

An S-box satisfies SAC if a single bit changes 
on the input results in a change on a half of 
output bits. Note that when S-box is used to 
build an S-P network, then a single change on 
the input of network causes an avalanche of 

changes. 
 
More formally a function 22: FFf n →  satisfies 
SAC if  )()( α⊕⊕ xfxf  is balanced for all α  
whose weight is 1. 

 
Table 5. The results of Strict avalanche criterion for S-box based on residue of prime number. 
 

0.343 0.671 0.515 0.468 0.468 0.546 0.437 0.5 
0.562 0.468 0.468 0.437 0.531 0.453 0.453 0.484 
0.562 0.531 0.437 0.546 0.39 0.468 0.593 0.531 
0.562 0.515 0.578 0.437 0.421 0.625 0.531 0.531 
0.609 0.484 0.453 0.468 0.64 0.531 0.515 0.578 
0.593 0.421 0.5 0.578 0.515 0.5 0.578 0.625 
0.468 0.453 0.562 0.484 0.515 0.562 0.609 0.578 
0.421 0.5 0.484 0.515 0.562 0.578 0.593 0.468 

Minimum value=0.343; Maximum value=0.671; Average value= 0.516; Square deviation=0.032  
 
 

The results in Table 4 shows that the value of 
strict avalanche criterion of S-box based on 
residue of prime number is ~1/2.  
 
2.6. Strict Avalanche Criterion Graphically  
 
Mar and Latt [5] have given the following three 
graphical methods to analyze strict avalanche 
criterion (SAC):  

1)  Analysis of Frequency of various Hamming 
weight. 

2)  Analysis of Differential Values. 
3)  Analysis of Hamming Weight According to 

Bit Position. 
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Analysis of Frequency of various Hamming 
Weight 
 

 
 
Fig. 1. Analysis of various Hamming weight for 
Residue prime number S-box 
 

 
 
Fig. 2. Analysis of frequency of various Hamming 
weight for AES S-box 
 

 
Fig. 3. Analysis of frequency of various Hamming 
weights (Comparison) 
 
Fig.1, 2 and 3 show the analysis of frequency of 
various Hamming weights for S-box [1], AES S-
box [6], and their comparison. By comparing the 
graph of S-box [1], with frequency of various 
Hamming weights of standard graph of [5], we 

analyzed that residue prime number S-box [1], 
satisfies the condition of good S-box. 
 
 
Analysis of Differential values  
 

 
Fig. 4. Analysis of differential values for Residue 
prime number S-box. 
 

 
Fig. 5. Analysis of differential values for AES S-box. 

 

 
Fig. 6. Analysis of differential values (Comparison 
 
Fig. 4, 5 and 6 show the analysis of differential 
values of S-box [1], AES S-box [6], and their 
comparison. If we compare the graph S-box [1], 
with differential values of standard graph of [5], 
we analyze that residue prime number S-box[1] 



 Some Analysis of S-box based on Residue of Prime Number 115 

  

does not satisfy the conditions of good S-box but 
these three graphs show that the completeness 
property of residue prime number S-box is 
similar with AES S-box [6] . 
 
Analysis of Hamming Weight According to Bit 
Position  
 

 
Fig. 7. Analysis of Hamming weight according to bit 
position for residue of prime number S-box. 

 
 

 
Fig. 8. Analysis of Hamming weight according to bit 
position for AES S-box. 
 

 
Fig. 9. Analysis of Hamming weight according to bit 
position (Comparison). 
 
 
 

Fig-7, 8 and 9 shows the analysis of Hamming 
weight according to bit position of S-box [1], 
AES S-box [6] and their comparison. If we 
compare the graph of residue prime number S-
box [1] with Hamming weight according to bit 
position of standard graph [5], we analyze that 
residue prime number S-box satisfies the 
conditions of good S-box and these graphs show 
that this S-box fulfills the condition of strong S-
box. 
 
3. CONCLUSION 

 
In this paper, we analyzed S-box for different 
criteria as described above, and bring to a close 
that S-box based on residue of prime number 
does not satisfy all criteria absolutely but the 
analysis results are up to the standard. 
Particularly, the results of Strict Avalanche 
Criterion are very close to optimal value, so this 
S-box can be used in encryption for secure 
communication.  
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Abstract: An analytical expression for the position of the infinitesimal body in the elliptic Sitnikov 
restricted four body problem is presented. This solution is valid for small bounded oscillations in case 
of moderate eccentricity of primaries. We have linearized the equation of motion to obtain the Hill’s 
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1. INTRODUCTION 
 
The Sitnikov  problem is a special case of the 
restricted three body problem where the  two 
primaries of equal masses (m1 = m2 = m=1/2) are 
moving in circular or elliptic  orbits around the 
centre of mass under Newtonian force of 
attraction and the third body of mass m3 (the 
mass of the third body is much less than the 
mass of the primaries ) moves along the line 
which is passing through the centre of  mass of 
the primaries and is perpendicular to the plane of 
motion of the primaries. 

This dynamical model was first described  by 
Pavanini [1].The circular problem was discussed 
in detail by MacMillan [2] where he showed the 
integrability of the equation of motion with the 
aid of elliptic integrals which has been 
rediscussed by Stumpff [3]. Sitnikov [4] studied 
the existence of oscillating motion of the three 
body problem. Sitnikov problem has been studied 
by many scientists. Perdios et al [5] have studied 
stability and bifurcation of Sitnikov motion. Liu 
& Sun [6] have studied the mapping instead of the 
original differential equation and discovered that 
there exist a hyperbolic invariant set. Hagel [7] 
has studied the problem by a new analytical 
approach. It is valid for bounded small amplitude 
solution and small eccentricities of the primaries. 
Belbruno E., Llibre J. and Olle M. [8] have 
studied the family of periodic orbits which 

bifurcate from the circular Sitnikov motion. Jalali 
& Pourtakdoust [9] have studied the regular and 
chaotic solutions of the Sitnikov problem near the 
3/2 commensurability. Chasley [10] have studied 
the global analysis of the generalized Sitnikov 
problem. Faraque [11] has established the new 
analytical expression for the position of the 
infinitesimal body in the elliptic Sitnikov 
problem. His solution is valid for small bounded 
oscillation in case of moderate eccentricities of 
the primaries. Hagel [12] has studied “A high 
order perturbation analysis of the Sitnikov 
problem”. Perdios [13] has studied the manifold 
of families of three dimensional periodic orbits 
and bifurcation in the Sitnikov four body 
problem. Soulis et al [14] have studied the 
“Stabality of motion in the Sitnikov problem”. 
Soulis et al [15] has studied the periodic orbits 
and bifurcation in the Sitnikov four-body 
problem. Hagel [16] has studied an analytical 
approach to small amplitude solutions of the 
extended nearly circular Sitnikov problem.  
Boutis & Papadakis [17] have studied “The 
Stability of vertical motion in the N-body circular 
Sitnikov problem. Kovacs et al [18] studied the 
relativistic effects in the chaotic Sitnikov 
problem. 

In the present paper we have extended the 
study of Sitnikov problem to four body problem 
in elliptic case. We have considered the 
primaries moving in elliptic orbits of eccentricity 
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e. First we have derived the equation of motion 
and then we have linearized it to obtain the 
Hill’s type of equation .Using the Courant and 
Snyder transformation Hill’s equation is 
transformed into Harmonic oscillator type 
equation. Then we have used the Lindstedt - 
Poincare perturbation method and again we have 
applied Courant and Snyder transformation to 
obtain the final result. 
 

2.  EQUATION OF MOTION  
 
The system consists of three primaries with 
equal masses ( 1m = 2m  = 3m  = m =1/3). The 
fourth body has a mass ( 4m ) which is much less 
than the masses of the primaries. All of the 
primaries are at the vertices of an equilateral 
triangle [19]. The fourth body is confined to a 
motion perpendicular to the plane of motion of 
the three primaries which are equally far away 
from the barycentre of the system. All the 
primaries are moving in elliptic orbits around 
their center of mass O which is taken as origin 
.The fourth body is moving along the line 
perpendicular to the plane of motion of the 
primaries and passing through the centre of 
mass. In such a system the motion of the fourth 
body is one dimensional. We have assumed that 
()r t  is the distance of each of the primaries from 

the centre of mass, and we further assumed that 
()z t  is the distance of the fourth particle from 

the centre of mass. 
 
The equation of motion is  

 
2

32
2 2 2

.

( ())

d z z
dt

z r t
= −

+
   (1)  

 
Since ()r t  is given by the solution of the 

transcendental Keplar’s equation, it cannot be 
written in a finite closed form and is therefore 
given as an infinite power series in the primaries 
eccentricity denoted by e. We write 

1

() [ 1 (). ]n
n

n
r t a r t e

∞

=

= + ∑   

where 
1()r t cost= − , 

2

1
() [ 1 2 ]

2
r t cos t= − , 

3

3
() [ 3]

8
r t cost cos t= − , 

4

1
() [ 2 4]

3
r t cos t cos t= − ,  (2) 

In the present paper we have taken the semi-
major axis a  equal to unity. 

If 0e =/ and max ()z r t≤  for all t  we may 
expand the Equation (1) with respect to z and 
truncate the so obtain infinite power series after 
certain order in ().z t Expanding (1) in this, we 
get  
 

    (3) 
 
Further more we shall make restriction for 
sufficiently small value of e , we may expand the 
coefficients of function of z and 3z  with respect 
to e . Keeping the terms proportional to the m ne z  
where 4m n+ ≤  , we get  
              

2
3

1 22
() () 0.

d z g t z g t z
dt

+ + =      (4) 

                   
where, 
 

 (5) 
 

2

3 15
()

2 2
g t e Cost= − −  (6) 

 
1,1() 3g t Cost=   (7) 

 

1,2

3 9
() 2

2 2
g t Cos t= +   (8) 

1,3

27 53
() 3

8 8
g t Cost Cos t= + .   (9) 

 

The most simple limiting case is the one of 
0e = and ()z r t<< . In this case the 

polynomial equation [3] can be approximated by 
the simple harmonic oscillator form 
 

2

2 0
d z z
dt

+ = ,   (10) 

 
with the solution 
 

0()z t z Cost= .    (11)     
 
So for sufficiently small value for the primaries 
eccentricity and sufficiently small ()z t  the 
number of passages of 4m  through the primaries 
plane during one primaries revolution it 
converges. 



 Sitnikov Problem: It’s Extension 119 

  

Taking the eccentricity of primaries constant 
and turn to the regime of such small values for  
()z t  that we may truncate the Equation (4) after 

the linear term in z , we get 
2

12 () 0
d z g t z
dt

+ = ,      (12)  

where 1()g t  is defined in equation (5). We first 
deal with this equation as a lowest order 
approximation to the nonlinear equation (4). 
Since 1()g t  is periodic in t  with period  2π  the 
Equation (12) is of Hill’s type. For this type of 
equation a closed theory exists and is known as 
Floquet theory. Hence the general solution of the 
Equation (12) can be written in the form 
 
() () [ () ]z t a t Cos t bϖ ψ= +   (13) 

 
where ()tϖ , the so-called Floquet Function is 
periodic with the period of the coefficient 
function 1()g t  i.e. 
 

() ( 2 ).t tϖ ϖ π= +   (14) 
 
The arbitrary real constant a and b  are 
determined by the initial condition for z and . 
Puting the value of ()z t  from the Equation (13) 
in the Equation (12) and comparing the 
coefficient of sin ψ  and cosψ , we get  
 

2

12 3

1
() 0

d g t
dt
ϖ ϖ

ϖ
+ − = ,   (15 a) 

 

2

1
.

d
dt
ψ

ϖ
=   (15 b) 

 
For 0(0)z z=  and   = 0, 
we have 

0

0 [ ]
z

a
Cos bϖ

= ,  

 
 (16) 

 
So the problem of solving the linearized 
equation (16) is reduced to finding a 2π  
periodic solution of the Equation (15a) for ()tϖ . 

Since we can express 1()g t  as a truncated 
power series in e , we can apply the same 
process to approach ()tϖ . We thus have the 
perturbative series  

2 3
(0) (1) (2) (3)() () () () () ...t t e t e t e tϖ ϖ ϖ ϖ ϖ= + + + +   (17) 

With the help of equation (15a) and (17), we get 
 

2
(0)

(0)2 3
(0)

1
0

d
dt
ϖ

ϖ
ϖ

+ − = ,  (18) 

 

  (19) 
 

  (20) 
 

 (21) 
 
By solving the above system we have to 
remember that all ( )nϖ  should be periodic with 
period2π . For (0)ϖ  a solution fulfilling this 
requirement is a simple constant, namely 
 

(0) (0,0)1ϖ ϖ= = ,   (22) 
 
as can be easily verified by inserting (22) in the 
Equation (18). To find the solution of the 
Equation (19), we insert (22) into Equation (19). 
The Function (1,1)()g t  is taken from (7), we get 

2
(1)

(1)2
4 3 0.

d
Cost

dt
ϖ

ϖ+ + =  (23) 

 
The general solution of this equation is given by  
 

(1) 1 22 2 .C Cos t C Sin t Costϖ = + −   
 
In order to fulfill the condition of a 2π  periodic 
solution we have to set 1C and 2C  to zero to 
obtain 
 

(1) (1),1() .t Cost Costϖ ϖ= − =  
 
Similarly; 

(2) (2),0

3
()

4
tϖ ϖ= = , 

and 
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(3) (3),1 (3),2() 3t Cost Cos tϖ ϖ ϖ= + . (24) 
Thus the Equation (17) gives 
 

 (25) 
 

where, coefficients ( ), ()m n tϖ  (m denotes the 
order in e and n the number of the associated 
Fourier component of ϖ )are given by 
 

(0),0 1ϖ = , (1),1 1ϖ = −  , (2),0

3
4

ϖ = , 

(3),1

9
8

ϖ −
=  ,  (3),1

3
.

8
ϖ =   (26) 

 

Now from the Equation  (15) 

2
0

() .
t dttψ
ϖ

= ∫    

Thus we have, 
 

(27)  
 

From the Equations (13), (25) and (27), we 
finally find the analytic solution 

0 ()
() ().

(0)

z t
z t Cos t

ϖ
ψ

ϖ
=    (28) 
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Fig. 1(a).  Sitnikov four body motion   for  e = 0.02,  
z = 0.01. 
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Fig. 1(b).  Sitnikov four body motion   for  e = 0.02,  
z = 0.01 

Here Figure-1(a) shows the graph of the solution 
z[t] over the time interval0 20t π< ≤ .  
(0) 0.01z =  and 0.02e = . We observe 

that the solution has a periodic envelope, and the 
Figure- 1(b) shows the same graph for the short 
time interval 119 128t< ≤ . 
 
 
3. TRANSFORMATION OF HILL’S 

EQUATION TO A HARMONIC 
OSCILLATOR 

 
When 2() 0g t = , the Equation (4) reduces to 
Hill’s Equation  
 

 (29) 
 
For this Equation we can write the solution as  
 
() () ().z t a t Cos tϖ ψ=       (30) 

 
Now we transform the dependent variables as 

.
zy
ϖ

=      (31) 

 
And let ψ  be the new independent variable then 
obviously ( )yψ  satisfies the Harmonic oscillator 
equation 
 

2

2
0

d y y
dψ

+ = .       (32) 

 
Now we apply this transformation to the 
nonlinear equation (4). From (31), we get 
 

2 2 2

2 2 22 .
d z d y dy d dy
dt dt dt dt dt

ϖ ϖϖ= + + (33) 

 
Inserting this into the Equation (4), we get  
 

 (34) 
 
We express the time derivatives of y by the 
derivatives of y  with respect to ψ  with the 
relation  

 2

1d
dt
ψ

ϖ
= ,   (35) 

 
we get 
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2

1
.

dy dy d dy
dt d dt d

ψ
ψ ϖ ψ

⎛ ⎞= = ⎜ ⎟
⎝ ⎠

, 

2

2 2

2 4

2 . .
.

d y dy d
d y d d dt
dt

ϖ ϖ
ψ ψ

ϖ

⎛ ⎞
−⎜ ⎟

⎜ ⎟=
⎜ ⎟
⎜ ⎟
⎝ ⎠

 (36) 

 
After putting these in (34), the new relation 
becomes 

2 2
3 3 6

1 22 2 () () 0.
d y dy g t g t y
d dt

ϖϖ ϖ ϖ
ψ

⎡ ⎤
+ + + =⎢ ⎥

⎣ ⎦
  (37) 

Applying the Equation (15 a) in the Equation 
(37), we get 
 

2
3 6

22 (( )) (( )) 0
d y y g t y t
d

ψ ϖ ψ
ψ

+ + = ,    (38) 

 
which is an equation of the form of a Harmonic 
Oscillator with a cubic perturbation .The explicit 
representation of t  as function of ψ  to the first 
order in e  is 
 

2t eSinψ ψ= − .     (39) 
 
From (25), we have 
 

6() 1 6t eCos tϖ = − . (40) 
 

Substituting the equation (6) and (40) into 
(38), we get                                    
 

( )
2

3
2

d y y eCos y
d

α β ψ
ψ

′ ′+ = + ,    (41) 

 
where, 
 

3 3
.

2 2
α β′ ′= , = −     (42) 

 
Once we get the solution of this equation we 

can determine z .The solution of the full 
equation can therefore be generated by further 
application of a perturbation determined by 
small perimeter , eε β ′=  .We assume from 
the outset that the solution depends only on the 
time parameter ψ  as appears in the Equation 
(41). In corporating eε β ′=  the Equation 
(41) becomes 

2
3 3

2 .
d y y y Cos y
d

α ε ψ
ψ

′+ = +  (43) 

Now, we express the solution as a perturbative 
series  
( ) 2

0 1 2, ( ) ( ) ( ) ...y y y yψ ε ψ ε ψ ε ψ= + + +  (44) 
 

Differentiating twice and putting the result 
into the above equation and equating the 
coefficient of like powers ofε , we get 

2
30

02

d y
y y

d
α

ψ
′+ = ,   (45) 

2
2 31

1 0 1 02 3
d y y y y Cos y
d

α ψ
ψ

′+ = + .  (46) 

 
The Equation (45) is of the form of duffing 

oscillator equation and the solution of this 
Equation can be found by perturbation method 
.The non linear term on the right hand side of the 
Equation (45) can be treated as a perturbation to 
the linear problem by introducing a formal 
perturbation parameterε . This is necessary 
because α ′  is much greater than 1, and can not 
be treated as perturbation parameter. So a formal 
parameter ε  is used to develop the solution and 
in the end, it is set to unity.  
 

Let the solution of the Equation (45) as a 
power series in the parameter ε  be 
 

2
0 0,0 0,1 0,2( ) ( ) ( ) ...y y y yψ ε ψ ε ψ= + + +     

 
By introducing the above mentioned 

parameter the Equation (45) becomes 
 

2
30

02

d y
y y

d
εα

ψ
′+ =  . 

 
It is easy to show that the solution of higher 

order equation for  0,1 0,2y y,  etc will contain 

secular term proportional to m mψ ,  being the 
order. Now we shall apply Lindstedt-Poincare  
method  to get the solution  .In order to 
implement this , we introduce a new independent 
variable :τ τ μψ= ,   
where 2

1 21 ...μ εμ ε μ= + + +  , and  
expand the solution in a power series of  

2
0 0,0 0,1 0,2: ( ) ( ) ( ) ...y y y yε τ ε τ ε τ= + + +

 
Differentiating twice and putting in the above 
equation and equating the like power of ε , we 
get the following equations 
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2
0,0

0,02
( ) 0

d y
y

d
τ

τ
+ = ,   (47)  

 
2 2

0,1 0,0 3
0,1 1 0,02 2

( ) 2 ( ).
d y d y

y y
d d

τ μ α τ
τ τ

′+ = − +   (48)  

 
The solution of the Equation (45) can be 

found by using the same strategy. We get the 
solution  
 

3 3

0

3 3
( ) ( ) (3 ).

64 64
A Ay A Cos Cosψ μψ μψ

⎡ ⎤
= + −⎢ ⎥
⎣ ⎦

(49) 

 
For sufficiently small value ‘A’, we can 

approximate 0( )y ψ  by  

0( ) ( ).y ACosψ μψ=    (50) 
 
And inserting this into the Equation (46), we get 
 
 
 (51)  
 
 

Where 
29

1
2

Aαλ
′

= − ,      (52) 

29
.

2
Aαδ
′

=        (53) 

 
For sufficiently small value of A, we have the 

approximate equation as  
 

2
1

1 12 ( ) 0
d y f y
d

ψ
ψ

+ = ,    (54) 

 
where 
 

1 1;1( ) ( )f fψ λ ψ= − ,⎡ ⎤⎣ ⎦  (55) 
 

1;1( ) (2 ).f Cosψ δ μψ=                (56) 
 

The Equation (54) is a Hill’s type equation. 
The general solution of the Equation (54) can be 
written as; 
 

1( ) ( ) .y Cosψ ρψ ξ=        (57) 
 

We can find the result upto the first order by 
applying the same process as in the Equation 
(12), we get 

24 4

1 (2 )
( )

4 ( )

Cosδ μψρψ
λ λ λ μ

= + ,
−

   

 
4

1 3 (2 )
1

10
Cos μψ

λ
⎛ ⎞≈ −⎜ ⎟
⎝ ⎠

    (58) 

 
and 

3
( ) . (2 ).

10
Sinλξ ψ λψ μψ

μ
= +     (59) 

Now, we shall again apply the Courant and 
Snyder transformation defined as 

1y
ζ

ρ
= ,         (60) 

to the Equation (54) and apply the similar 
procedure as in the derivation of the Equation ( 
29) and find  

2
3 3 3

2 . . ( ).
d Cos A Cos
d
ζ ζ ρ ψ μψ
ξ

+ =    (61) 

 
with 

3 2
. .

10
Sinξ μξψ

μλ λ
⎛ ⎞= − ⎜ ⎟
⎝ ⎠

  (62) 

 
We define a parameter χ  by 

ξχ
λ

= , (63) 

the use of which in the Equation  (61) results the 
following equation 

2
3 3 3

2 . . . . ( ).
d Cos A Cos
d
ζ λ ζ λ ρ χ μχ
χ

+ =  (64) 

Now, we shall put the value of 3ρ  upto the 
first order of  δ  i.e., 
 

( )
( )3

3

4

1 9
1 2 .

10
Cosρ χμ

λ

⎡ ⎤= −⎢ ⎥⎣ ⎦
  (65) 

Then we get, 
 

 

( ) ( )Cos Cosμ χ μ χ− − − −
9 7

1 5 1 3
160 160

( )Cos μ χ ⎤+ − ⎥⎦
3

1 .
20

  (66) 

 
Solution of the Equation (66) can be found 

using algebraic methods with the help of 
Mathematica. We obtain 
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(67) 
 
where 1C is a constant to be determined by the 
initial conditions .We choose 1C in such a way 
that 0 0.χ ζ= , = Hence, 

 

 
( ){ } ( ){ }

3 34 4

2 2

3 . .
.

20 1 1

A Aλ λ
λ μ λ μ

⎤⎧ ⎫⎪ ⎪⎥− +⎨ ⎬⎥− + − −⎪ ⎪⎩ ⎭⎦

 (68) 

 
Our next aim is to find out  1( )y ψ  using (60). 

To proceed, we note that to the first 

order ( )3
2 .

10
Sinχ ψ μψ

μ
= −  Since 

we have  2t eSin tψ = +   ,  

1() ()()y t t tρ ξ=                          
 and  

4

1 3 (2 )
( ) 1

10
Cos μψρψ

λ
⎛ ⎞≈ − ,⎜ ⎟
⎝ ⎠

  

we get 
 

4

3 (2 4 ))1
() 1

10

Cos t eSin t
t

μ μ
ρ

λ
+⎛ ⎞≈ −⎜ ⎟

⎝ ⎠
 (69)  

and then from (67), we get 
 

 
 (70)  

 
where 1C  is given by the Equation (68). And 
from the Equation (49), we get 
 

(71) 
 

Finally we obtain  z  by the Equation (31) 
 
z yϖ= 0 1 1(1 )( ).eCost y eyβ= − +   (72) 
 
where 0y and 1y  are given by the Equations 
(71), (69) and (70). Next we determine the 
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constant A . A little algebra provides that A  is 
related to the initial value of z , which is 0z  by 
the following: 
 

0.A z=  (73) 
 

Finally, we have to normalize the expression 
(72) to arrive at a solution which results in 0z at 

0t = . Carrying out this process results in the 
final expression for z   
 

 
 

( ) ( )

2
0

2 2

7 1 1
160 1 3 1 3

z
λ μ λ μ

⎧ ⎫⎪ ⎪+ +⎨ ⎬
− + − −⎪ ⎪⎩ ⎭

( ) ( )

2
0

2 2

3 1 1
.

20 1 1

z
λ μ λ μ

⎤⎧ ⎫⎪ ⎪− + ⎥⎨ ⎬
− + − − ⎥⎪ ⎪⎩ ⎭⎦

(74) 
 
 
 

where, 
 

( )1 1 5 2 10t e Sin t eSin tξ μ μ= + + +
( ) ( )3 1 5

2 4
10

Sin t e Sin t
μ

μ μ
μ
+

− + ,  (75) 

 
( )2 1 3 2 6t e Sin t eSin tξ μ μ= + + +  

( ) ( )3 1 3
2 4

10
Sin t e Sin t

μ
μ μ

μ
+

− + ,  (76) 

 
( )2 1 3 2 6t e Sin t eSin tξ μ μ= + + +

( ) ( )3 1 3
2 4

10
Sin t e Sin t

μ
μ μ

μ
+

− + ,   (77) 

 
( )4 1 5 2 10t e Sin t eSin tξ μ μ= − + −

( ) ( )3 1 5
2 4

10
Sin t e Sin t

μ
μ μ

μ
−

− + ,   (78) 

 
( )5 1 3 2 6t e Sin t eSin tξ μ μ= − + −

( ) ( )3 1 3
2 4

10
Sin t e Sin t

μ
μ μ

μ
−

− + ,  (79) 

 
( )6 1 2 2t e Sin t eSin tξ μ μ= − + −

( ) ( )3 1
2 4 .

10
Sin t e Sin t

μ
μ μ

μ
−

− +  (80) 

 
The solution (73) is plotted for 0 0.2z =  

and 0.4e =   in the figure 2(a) and 2(b).  
 

     
                      0 200t< ≤   
Fig. 2 (a). Sitnikov four body motion   for e = 0.04,  
z = 0.2. 
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                114 120t< ≤     
Fig. 2 (b).   Sitnikov four body motion   for e = 0.04, 
z = 0.2 
 
 
4.  CONCLUSIONS 
 
We have studied an elliptic Sitnikov problem, 
when extended to four body problem by two 
methods. In the first method we have found out 
the analytical solution in (28) which is presented 
in the figure-1(a) and 1(b). These are drawn for a 
long time interval and short time interval 
respectively. To perform the second method we 
have used the solution (28) and by applying the 
Courant and Snyder transformation, we get an 
equation of Harmonic oscillator type (32). The 
equation of the form of duffing oscillator (45) is 
obtained by truncating the equation after the first 
non-linear term. We have used the Lindstedt-
Poincare method to find the solution of this 
equation. The solution of zeroth order equation 
( 0ε = ) is applied to the first order equation to 
obtain again a Hill’s type of equation. Solution 
of this equation is obtained by the repetition of 
Courant and Snyder transformation. The final 
solution is obtained by implementation of 
inverse transformation to the dependent and 
independent variables (73). The graph of the 
solution so obtained, is plotted in the figure 2(a) 
and 2(b). These are plotted for the long and the 
short time of interval respectively.  

As we are dealing with the elliptic case of the 
Sitnikov four body problem, the Equation (29) is 
unperturbed system, term 3

2()g t z appears as 
perturbation in the Equation (4). Hence there is 
the perturbation in the z-direction as well. The 
effect of this nonlinear term is to shift the 
frequency as a function of the amplitude and to 
distort the trajectory ()z t . We intend studying the 
other aspects in our subsequent work.  

We observe that the nature of the graphs is 
oscillatory with amplitude and frequency 
depending on time.      
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1. INTRODUCTION 
 
The concept of generalized closed sets play a 
significant role in topology. There are many 
research papers which deals with different types 
of generalized closed sets. Bhattacharya and 
Lahiri [3] introduced sg-closed set in topological 
spaces. Arya and Nour [2] introduced gs-closed 
sets in topological spaces. Sheik John [16] 
introduced ω -closed sets in topological spaces. 
Rajamani and Viswanathan [14] introduced 

gsα -closed sets in topological spaces. Quite 
Recently, Ravi and Ganesan [15] introduced -
closed sets and proved that they forms a 
topology. In this paper we introduce a new class 
of sets, namely -closed sets, for topological 
spaces and study their basic properties.  
 
 
2. PRELIMINARIES 
 
Throughout this paper (X, τ) and (Y, σ) (or X 
and Y) represent topological spaces on which no 
separation axioms are assumed unless otherwise 
mentioned. For a subset A of a space (X, τ), 
cl(A), int(A) and Ac or X − A denote the closure 
of A, the interior of A and the complement of A 
respectively. 

We recall the following definitions which are 
useful in the sequel. 

Definition 2.1 

A subset A of a space (X, τ) is called: 

(i)  semi-open set [8] if A ⊆ cl(int(A)); 

(ii)  preopen set [11] if A ⊆ int(cl(A)); 

(iii)  α -open set [12] if A ⊆ int(cl(int(A))); 

(iv)  semi-preopen [1] if A ⊆ cl(int(cl(A))). 

The complements of the above mentioned open 
sets are called their respective closed sets. 

The preclosure [13] (resp. semi-closure [5], 
α -closure [12], semi-pre-closure [1]) of a 
subset A of X, denoted by pcl(A) (resp. scl(A), 
α cl(A), spcl(A)) is defined to be the 
intersection of all preclosed (resp. semi-closed, 
α -closed, semi-preclosed) sets of (X, τ) 
containing A. It is known that pcl(A) (resp. 
scl(A), α cl(A), spcl(A)) is a preclosed (resp. 
semi-closed, α -closed, semi-preclosed) set. For 
any subset A of an arbitrarily chosen topological 
space, the semi-interior [5] (resp. α -interior 
[12], preinterior [13], semi-pre-interior [1]) of A, 
denoted by sint(A) (resp. α int(A), pint(A), 

−−−−−−−−−−−−−−−−−−−−−−− 
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spint(A)), is defined to be the union of all semi-
open (resp. α -open, preopen, semi-preopen) 
sets of (X, τ) contained in A.  

Definition 2.2 

A subset A of a space (X, τ) is called: 

(i)  a generalized closed (briefly g-closed) set 
[7] if cl(A) ⊆ U whenever A ⊆ U and U is 
open in (X, τ). The complement of g-
closed set is called g-open set; 

(ii)  a semi-generalized closed (briefly sg-
closed) set [3] if scl(A) ⊆ U whenever A 
⊆ U and U is semi-open in (X, τ). The 
complement of sg-closed set is called sg-
open set; 

(iii)  a generalized semi-closed (briefly gs-
closed) set [2] if scl(A) ⊆ U whenever A 
⊆ U and U is open in (X, τ). The 
complement of gs-closed set is called gs-
open set; 

(iv) an α -generalized closed (briefly α g-
closed) set [10] if α cl(A) ⊆ U whenever 
A ⊆ U and U is open in (X, τ). The 
complement of α g-closed set is called 
α g-open set; 

(v) a generalized α -closed (briefly gα -
closed) set [9] if α cl(A) ⊆ U whenever A 
⊆ U and U is α -open in (X, τ). The 
complement of gα -closed set is called 
gα -open set; 

(vi)  a gsα -closed set [14] if α cl(A) ⊆ U 
whenever A ⊆ U and U is semi-open in 
(X, τ). The complement of gsα -closed set 
is called gsα -open set; 

(vii)  a generalized semi-preclosed (briefly gsp-
closed) set [6] if spcl(A) ⊆ U whenever A 
⊆ U and U is open in (X, τ). The 
complement of gsp-closed set is called 
gsp-open set; 

(viii)  a generalized preclosed (briefly gp-closed) 
set [13] if pcl(A) ⊆ U whenever A ⊆ U 
and U is open in (X, τ). The complement 
of gp-closed set is called gp-open set; 

(ix)  a ĝ-closed set [17] (= ω -closed [16]) if 
cl(A) ⊆ U whenever A ⊆ U and U is semi-
open in (X, τ). The complement of ĝ-
closed set is called ĝ-open set; 

(x)  a -closed set [15] if cl(A) ⊆ U whenever 
A ⊆ U and U is sg-open in (X, τ). The 

complement of -closed set is called -
open set. 

Remark 2.3 

The collection of all -closed (resp. -closed, 
ω -closed, g-closed, gs-closed, gsp-closed, α g-
closed, gsα -closed, sg-closed, gα -closed, gp-
closed, α -closed, semi-closed) sets is denoted 
by G C(X) (resp. GC(X), ω C(X), G C(X), 
GS C(X), GSP C(X), Gα C(X), GSα C(X), 
SG C(X), αG C(X), GP C(X), α C(X), 
S C(X)). 

The collection of all -open (resp. -open, 
ω -open, g-open, gs-open, gsp-open, α g-open, 

gsα -open, sg-open, gα -open, gp-open, α -
open, semi-open) sets is denoted byG O(X) 
(resp. GO(X), ω O(X), G O(X), GS O(X), 
GSP O(X), Gα O(X), GSα O(X), SG O(X), 
αG O(X), GP O(X), α O(X), S O(X)). 

We denote the power set of X by P(X). 

Result 2.4  

(1)   Every semi-closed set is sg-closed [4]. 

(2)  Every -closed set is -closed but not 
conversely [15]. 

Corollary 2.5 [3] 

Let A be a sg-closed set which is also open. 
Then A ∩ F is sg-closed whenever F is semi-
closed.  
 
 
3. -CLOSED SETS 
 
We introduce the following definition: 

Definition 3.1 

A subset A of X is called a -closed set if 
α cl(A) ⊆ U whenever A ⊆ U and U is sg-open 
in (X, τ). 

Proposition 3.2 

Every closed set is -closed. 

Proof 

Let A be a closed set and G be any sg-open set 
containing A. Since A is closed, we have 
α cl(A) ⊆ cl(A) = A ⊆ G. Hence A is -closed. 

The converse of Proposition 3.2 need not be true 
as seen from the following example. 
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Example 3.3 

Let X = {a, b, c} with τ = {φ, {a}, X}. Then 
G C(X) = {φ, {b}, {c}, {b, c}, X}. Here, A = 
{b} is -closed set but not closed. 

Proposition 3.4 

Every α -closed set is -closed. 

Proof 

Let A be an α -closed set and G be any sg-open 
set containing A. Since A is α -closed, we have 
α cl(A) = A ⊆ G. Hence A is -closed. 

The converse of Proposition 3.4 need not be true 
as seen from the following example. 

Example 3.5 

Let X = {a, b, c} with τ = {φ, {a, b}, X}. Then 
G C(X) = {φ, {c}, {a, c}, {b, c}, X} and α C(X) 
= {φ, {c}, X}. Here, A = {a, c} is -closed set 
but not α -closed. 

Proposition 3.6 

Every -closed set is gα -closed. 

Proof 

Let A be an -closed set and G be any α -open 
set containing A. Since any α -open set is semi-
open and semi-open set is sg-open, we have 
α cl(A) ⊆ G. Hence A is gα -closed. 

The converse of Proposition 3.6 need not be true 
as seen from the following example. 

Example 3.7 

Let X = {a, b, c} with τ = {φ, {a}, {b, c}, X}. 
Then G C(X) = {φ, {a}, {b, c}, X} and 
αG C(X) = P(X). Here, A = {c} is gα -closed 

set but not -closed. 

Proposition 3.8 

Every -closed set is α g-closed. 

Proof 

Let A be an -closed set and G be any open set 
containing A. Since any open set is sg-open, we 
have α cl(A) ⊆ G. Hence A is α g-closed. 

The converse of Proposition 3.8 need not be true 
as seen from the following example. 

Example 3.9 

Let X = {a, b, c} with τ = {φ, {a}, {b, c}, X}. 
Then G C(X) = {φ, {a}, {b, c}, X} and 

Gα C(X) = P(X). Here, A = {c} is α g-closed 
set but not -closed. 

Proposition 3.10 

Every -closed set is gs-closed (sg-closed). 

Proof 

Let A be an -closed set and G be any open set 
(semi-open set) containing A. Since any open set 
(semi-open set) is sg-open, we have scl(A) ⊆ 
α cl(A) ⊆ G. Hence A is gs-closed (sg-closed). 

The converse of Proposition 3.10 need not be 
true as seen from the following example. 

Example 3.11 

Let X = {a, b, c} with τ = {φ, {a}, {b, c}, X}. 
Then G  C(X) = {φ, {a}, {b, c}, X} and 
SG C(X) = GS C(X) = P(X). Here, A = {c} is 
both sg-closed and gs-closed set but not -
closed. 

Proposition 3.12 

Every -closed set is gsα -closed. 

Proof 

Let A be an -closed set and G be any semi-
open set containing A. Since any semi-open set 
is sg-open, we have α cl(A) ⊆ G. Hence A is 

gsα -closed. 

The converse of Proposition 3.12 need not be 
true as seen from the following example. 

Example 3.13 

Let X = {a, b, c} with τ = {φ, {a}, {b, c}, X}. 
Then G C(X) = {φ, {a}, {b, c}, X} and 

GSα C(X) = P(X). Here, A = {c} is gsα -closed 
set but not -closed. 

Proposition 3.14 

Every -closed set is gsp-closed. 

Proof 

Let A be an -closed set and G be any open set 
containing A. Since any open set is sg-open, we 
have spcl(A) ⊆ α cl(A) ⊆ G. Hence A is gsp-
closed. 



130 O.Ravi et al 

  

The converse of Proposition 3.14 need not be 
true as seen from the following example. 

Example 3.15 

Let X = {a, b, c} with τ = {φ, {a}, {b, c}, X}. 
Then G C(X) = {φ, {a}, {b, c}, X} and 
GSP C(X) = P(X). Here, A = {c} is gsp-closed 
set but not -closed. 

Proposition 3.16 

Every -closed set is gp-closed. 

Proof 

Let A be an -closed set and G be any open set 
containing A. Since any open set is sg-open, we 
have pcl(A) ⊆ α cl(A) ⊆ G. Hence A is gp-
closed. 

The converse of Proposition 3.16 need not be 
true as seen from the following example. 

Example 3.17 

Let X = {a, b, c} with τ = {φ, {a}, X}. Then  
G C(X) = {φ, {b}, {c}, {b, c}, X} and GP C(X) 
= {φ, {b}, {c}, {a, b}, {a, c}, {b, c}, X}. Here, 
A = {a, b} is gp-closed set but not -closed. 

Remark 3.18 

The following examples show that -
closedness is independent of ω -closedness, 
semi-closedness and g-closedness. 

Example 3.19 

Let X = {a, b, c} with τ = {φ, {a}, X}. Then 
G C(X) = {φ, {b}, {c}, {b, c}, X} and ω C(X) = 
{φ, {b, c}, X}. Here, A = {c} is -closed set 
but not ω -closed. 

Example 3.20 

Let X = {a, b, c} with τ = {φ, {a}, {b, c}, X}. 
Then G C(X) = {φ, {a}, {b, c}, X} and ω C(X) 
= P(X). Here, A = {c} is ω -closed set but not 

-closed. 

Example 3.21 

Let X = {a, b, c} with τ = {φ, {a}, {b}, {a, b}, 
X}. Then G C(X) = {φ, {c}, {a, c}, {b, c}, X} 
and S C(X) = {φ, {a}, {b}, {c}, {a, c}, {b, c}, 
X}. Here, A = {b} is semi-closed set but not -
closed. 

 

Example 3.22 

Let X = {a, b, c} with τ = {φ, {a, b}, X}. 
ThenG C(X) = {φ, {c}, {a, c}, {b, c}, X} and 
S C(X) = {φ, {c}, X}. Here, A = {b, c} is -
closed set but not semi-closed. 

Example 3.23 

Let X = {a, b, c} with τ = {φ, {a}, {a, b}, X}. 
Then G C(X) = {φ, {b}, {c}, {b, c}, X} and 
G C(X) = {φ, {c}, {a, c}, {b, c}, X}. Here, 

(i) A = {b} is -closed set but not g closed. 

(ii) B= {a, c} is g-closed set but not -closed. 

Remark 3.24 

From the above discussions and known results in 
[6, 15, 16, 18], we obtain the following diagram, 
where A → B (resp. A      B) represents A 
implies B but not conversely (resp. A and B are 
independent of each other) 

 
Where 

A: semi-closed B: sg-closed C: gs-closed D: gsp-
closed E: α -closed F: -closed G: gα -closed 
H : α g-closed I: closed J : -closed K: ω -
closed L: g-closed. 

None of the above implications is reversible as 
shown in the above examples and in the related 
papers [6, 15, 16, 18]. 

4. PROPERTIES OF -CLOSED SETS 

In this section, we discuss some basic properties 
of -closed sets. 
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Definition 4.1 [15] 

The intersection of all sg-open subsets of (X, τ) 
containing A is called the sg-kernel of A and 
denoted by sg-ker(A). 

Lemma 4.2  

A subset A of (X, τ) is -closed if and only if 
α cl(A) ⊆ sg-ker(A). 

Proof 

Suppose that A is -closed. Then α cl(A) ⊆ U 
whenever A ⊆ U and U is sg-open. Let x ∈ 
α cl(A). If x ∉ sg-ker(A), then there is a sg-
open set U containing A such that x ∉ U. Since 
U is a sg-open set containing A, we have x ∉ 
α cl(A) and this is a contradiction. 

Conversely, let α cl(A) ⊆ sg-ker(A). If U is any 
sg-open set containing A, then α cl(A) ⊆ sg-
ker(A) ⊆ U. Therefore, A is -closed. 

Proposition 4.3 

For any subset A of (X, τ), X2 ∩ α cl(A) ⊆ sg-
ker(A), where X2 = {x ∈ X = X1 ∪ X2 : {x} is 
preopen}. 

Proof 

Let x ∈ X2 ∩ α cl(A) and suppose that x ∉ sg-
ker(A). Then there is a sg-open set U containing 
A such that x ∉ U. If F = X − U, then F is sg-
closed. Since α cl({x}) ⊆ α cl(A), we have 
int(α cl({x})) ⊆ A ∪ int(α cl(A)). Again since 
x ∈ X2, we have x ∉ X1 and so int(α cl({x})) = 
φ. Therefore, there has to be some point y ∈ A ∩ 
int(α cl({x})) and hence y ∈ F ∩ A, a 
contradiction. 

Theorem 4.4 

 A subset A of (X, τ) is -closed if and only if 
X1 ∩ α cl(A) ⊆ A, where X1 = {x ∈ X = X1 ∪ 
X2 : {x} is nowhere dense}. 

Proof 

Suppose that A is -closed. Let x ∈ X1 ∩ 
α cl(A). Then x ∈ X1 and x ∈ α cl(A). Since x 
∈ X1, int(α cl({x})) = φ. Therefore, {x} is semi-
closed, since int(α cl({x})) ⊆ {x}. Since every 
semi-closed set is sg-closed [Result 2.4 (1)], {x} 
is sg-closed. If x ∉ A and if U = X \ {x}, then U 
is a sg-open set containing A and so α cl(A) ⊆ 
U, a contradiction. 

Conversely, suppose that X1 ∩ α cl(A) ⊆ A. 
Then X1 ∩ α cl(A) ⊆ sg-ker(A), since A ⊆ sg-
ker(A). Now α cl(A) = X ∩ α cl(A) = (X1 ∪ 
X2) ∩ α cl(A) = (X1 ∩ α cl(A)) ∪ (X2 ∩ 
α cl(A)) ⊆ sg-ker(A), since X1 ∩ α cl(A) ⊆ sg-
ker(A) and by Proposition 4.3. Thus, A is -
closed by Lemma 4.2. 

Theorem 4.5 

An arbitrary intersection of -closed sets is -
closed. 

Proof 

Let F = {Ai : i ∈ ∧} be a family of -closed sets 
and let A = ∩ i ∈ ∧ Ai. Since A ⊆ Ai for each i, X1 

∩ α cl(A) ⊆ X1 ∩ α cl(Ai) for each i.Using 
Theorem 4.4 for each -closed set Ai, we have 
X1 ∩ α cl(Ai) ⊆ Ai. Thus, X1 ∩ α cl(A) ⊆ X1 ∩ 
α cl(Ai) ⊆ Ai for each i ∈ ∧. That is, X1 ∩ 
α cl(A) ⊆ A and so A is -closed by Theorem 
4.4. 

Corollary 4.6 

If A is a -closed set and F is a closed set, then 
A ∩ F is a -closed set. 

Proof 

Since F is closed, it is -closed. Therefore by 
Theorem 4.5, A ∩ F is also a -closed set. 

Proposition 4.7 

If A and B are -closed sets in (X, τ), then A ∪ 
B is -closed in (X, τ). 

Proof 

If A ∪ B ⊆ G and G is sg-open, then A ⊆ G and 
B ⊆ G. Since A and B are -closed, G ⊇ 
α cl(A) and G ⊇ α cl(B) and hence G ⊇ 
α cl(A) ∪ α cl(B) = α cl(A ∪ B). Thus A ∪ B 
is -closed set in (X, τ). 

Proposition 4.8 

If a set A is -closed in (X, τ), thenα cl(A) − A 
contains no nonempty closed set in (X, τ). 

Proof 

Suppose that A is -closed. Let F be a closed 
subset of α cl(A) − A. Then A ⊆ Fc. But A is 

-closed, therefore α cl(A) ⊆ Fc. 
Consequently, F ⊆ (α cl(A))c. We already have 
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F ⊆ α cl(A). Thus F ⊆ α cl(A) ∩ (α cl(A))c 
and F is empty. 

The converse of Proposition 4.8 need not be true 
as seen from the following example. 

Example 4.9 

Let X = {a, b, c, d} with τ = {φ, {b, c}, {b, c, d}, 
{a, b, c}, X}. ThenG C(X) = {φ, {a}, {d}, {a, 
d}, {a, b, d}, {a, c, d}, X}. If A = {a, b, d}, then 
α cl(A) − A = X − {a, b, d} = {c} does not 
contain any nonempty closed set. But A is not 

-closed in (X, τ). 

Theorem 4.10 

A set A is -closed if and only if α cl(A) − A 
contains no nonempty sg-closed set. 

Proof 

Necessity. Suppose that A is -closed. Let S be 
a sg-closed subset of α cl(A) − A. Then A ⊆ Sc. 
Since A is -closed, we have α cl(A) ⊆ Sc. 
Consequently, S ⊆ (α cl(A))c. Hence, S ⊆ 
α cl(A) ∩ (α cl(A))c = φ. Therefore S is empty. 

Sufficiency. Suppose that α cl(A) − A contains 
no nonempty sg-closed set. Let A ⊆ G and G be 
closed and sg-open. If α cl(A) ⊄  G, then 
α cl(A) ∩ Gc ≠ φ. Since α cl(A) is a α -closed 
set (and hence semi-closed set) and Gc is a sg-
closed set and open, α cl(A) ∩ Gc is a nonempty 
sg-closed subset of α cl(A) − A by Corollary 
2.5. This is a contradiction. Therefore, α cl(A) 
⊆ G and hence A is -closed. 

Proposition 4.11 

If A is -closed in (X, τ) and A ⊆ B ⊆ α cl(A), 
then B is -closed in (X, τ). 

Proof 

Let G be a sg-open set of (X, τ) such that B ⊆ G. 
Then A ⊆ G. Since A is an -closed 
set,α cl(A) ⊆ G. Also α cl(B) = α cl(A) ⊆ G. 
Hence B is also an -closed in (X, τ). 

Proposition 4.12 

Let A ⊆ Y ⊆ X and suppose that A is -closed 
in (X, τ). Then A is -closed relative to Y. 

Proof 

Let A ⊆ Y ∩ G, where G is sg-open in (X, τ). 
Then A ⊆ G and hence α cl(A) ⊆ G. This 

implies that Y ∩ α cl(A) ⊆ Y ∩ G. Thus A is 
-closed relative to Y. 

Proposition 4.13 

If A is a sg-open and -closed in (X, τ), then A 
is α -closed in (X, τ). 

Proof 

Since A is sg-open and -closed, α cl(A) ⊆ A 
and hence A is α -closed in (X, τ). 

Proposition 4.14 

For each x ∈ X, either {x} is sg-closed or {x}c is 
-closed in (X, τ). 

Proof 

Suppose that {x} is not sg-closed in (X, τ). Then 
{x}c is not sg-open and the only sg-open set 
containing {x}c is the space X itself. Therefore 
α cl({x}c) ⊆ X and so {x}c is -closed in (X, 
τ). 
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